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ABSTRACT

The notion of Strongly Quotient Graph was introduced by Adiga, Liu and B. Liu defined the Seidel energy
of a graph and its bounds. In this paper we obtain some S-eigen value, the upper and lower bounds on the Seidel
energy of Strongly Quotient Graphs.
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1. INTRODUCTION
Let G be a connected simple undirected graph with n vertices and m edges. The vertices of G are labelled as
V1,Vy, ...,va and referred as (n,m) graph. The Seidel matrix (Haemers, 2012; Liu, 2009) of a simple graph G with n
vertices and m edges, denoted by S(G) =(s;;), is a real symmetric square matrix of order n which is defined as
—1 ifv; and are adjacent

Sij = 1 ifv;and v; are not adjacent
] ) 0 otherwise. ] ]
Also the Seidel matrix of the graph G, S(G) =J — I — 2A, where J denotes a square matrix whose entries are

1, I denotes an identity matrix and A is the adjacency matrix of the graph G. The eigen values of the Seidel matrix
S(G) are denoted by s1,5,,...,sn and said to be S- eigenvalues of G.Since S(G) is a real symmetric matrix, its
eigenvalues are real numbers. The Seidel energy (Haemers, 2012; Liu, 2009) of the graph G, denoted by SE(G), is

n

defined as SE(G) =Z| S, |. Some lower and upper bounds for Seidel energy of connected and disconnected graph
i=1

were obtained in (Nageswari, 2014).

During the past forty years or so, an enormous amount of research work has been done on graph labelling.
A graph labelling is an assignment of integers to the vertices or edges or both, subject to certain conditions. These
interesting problems have been motivated by practical problems. Recently, Adiga (2006), have introduced the notion
of Strongly Quotient Graphs (Adiga, 2006; 2007; 2008; Zaferani, 2008). They derived an explicit formula for the
maximum number of edges in a Strongly Quotient Graph of order n.

The labelling f of a graph G of order n is an injective mapping f: V(G) = { 1,2,...,n }.Define the quotient
function fy : E(G) = Q by f4(e) = min{;((;)) %} ife joins v and w. Note that for any e € E(G), 0 <fq(e) < 1.A graph
with n vertices is called a Strongly Quotient Graph if its vertices can be labeled by/, 2,...,n such that the quotient
function fq is injective i.e., the values fy(e)on the edges are all distinct. For more details on Strongly Quotient Graphs
and to the properties of Strongly Quotient Graphsrefer (Adiga, 2006; 2007; 2008; Binthiya, 2014; Zaferani, 2008).

In this paper we obtain two eigenvalues of Seidel matrix of Strongly Quotient Graphs and present some
bounds for the Seidel energy of Strongly Quotient Graphs.

Preliminaries: This section gives some lemmas which will be used in our main result.
Lemma 2.1 (Haemers, 2012; Liu, 2009). Let G be a connected graph of order n and let s, So, ...,sn be its S-

n n

eigenvalues. Then the S — eigenvalues satisfy the relations »_s; =0 and ZSiZ = n(n-1).
i=1 i=1

Lemma 2.6 (Zhon. 2008) Let a;, &, ...,ar be nonnegative numbers. Then

2
1 n n 1
n n n . . . n n n
n izai_(naiJn ana, (ZJ&,J < n(n-1) lzai_(l—[aiJ
nia i=1 =1 1=1 nNia i=1
Bounds on Seidel energy of Strongly Quotient Graph: Label the vertices vi, va, ... , vn Of the graph G order n

such that f(v;) =i for 1 < i < n, we obtained the strongly quotient graph with maximum possible edges m. Hence
the vertices viand v; are adjacent if gcd of i and j is 1 otherwise viand v; are not adjacent. The notation (a,b) denotes
the gcd of aand b.

Theorem 3.1: If G is a Strongly Quotient Graph with n vertices and maximum number of edges m then 1 is a S-

eigenvalue of G with multiplicity greater than or equal to | P | , where P ={ p/ pis a prime and §< ps<n}
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Proof: Let p be any prime number such that §< p < n. The Seidel matrix for Strongly Quotient Graph with n vertices

IS

Where ai=sin=sni={

So, the characteristic polynomial @ (G, 1) of S(G) is

Ry
R2

3 (G, 1) = Ei

Rn

Replacing R, by R, — R1, we get (4 +

G G
a 1
1 A
1 1
1 -1
1 1
1 —a,

ISSN: 0974-2115
Journal of Chemical and Pharmaceutical Sciences

L Ch

»
-1 . . . =1
—1 . - - «ay
-1 . . . a2
—1 . R . s
8] . - - 1

fori=1,2,...,(n-1).

Cy Ch O3 Oy
Rr[o -1 —1 —1
R-|—1 0o —1 1
Ryz|—-1 —1 o -—1
Ry|—1 1 —1 o0
R.. 1 1 1 1
~1 if (n,i)=1
1 if (ni)=1

C; C4 Cp
1 1 1
1 —1 1
A —1 1
1 A 1
1 1 A
—a, —a; . 1

Plis a factor of @ (G, 1).Hence the proof.
Theorem 3.2: If G is a Strongly Quotient Graph, then -1 is a S-eigenvalue of G with multiplicity greater than or

equal to 3, where 3 = ZUog ) n

p-prime

p<{
2

Ch
1
—a,
—a,
—a,

A

1) is a factor of @(G, A). This is true for everyp € P. Therefore (4 - 1)

. . n i
Proof: If p is any prime number less than or equal to {EJ , then the verticesv, and v,c (¢=2,3,..., Llog , n J)are not

adjacent. If j # p and j # p° then the adjacency between v; and v, is same as the adjacency between vj and v,,c.Hence
—1 if (i, j)=1and i = j
Si=J1 i (i, j)=land i j
0 otherwise

C
R, [ O
R, |1
R, |1
R, |[-1
R.|-1
.D
R, | -1
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Subtracting Rpfrom Rpe in AI — S(G), itis given that A + 1 is a factor of @ (G, 1) and this is true forc =2, 3,

..Llog p nlThen (1 + 1)“0gr nJis a factor of the characteristic equation, this is true for every p < EJ.Hence the

proof.
Theorem 3.3. Let G be a Strongly Quotient Graph with n > 3 vertices and maximum edges m. LetP ={p/pisa

prime and < p < n}and o =|P|. Then
SE(G)305+,3+\/(n—06 - pB) (n(n—-1) — a — ) e (A)

Proof: If Xq,X2,...,Xa and y1,y, ...,Yn are real numbers then the Cauchy - Schwarz inequality states that

B <88

Setting x; = 1 and y; = | si| andreplacingn by (n- « - £),we obtain

n-a-p 2 n-a-p
[ ZiISiIJ S(n-a-ﬂ)[ > |5i|2J

i=1
By Theorem 3.1 and Theorem 3.2, 1 and -1 are the S- eigenvalues of Strongly Quotient Graph with
multiplicity greater than or equal to « and /3 respectively. Thus

(SE@G) -a -B)yY<(n—a - B)mn-1) - a - f)
ThatisSE(G)Sa.,.ﬂ.,.\/nz m—a - -1 +(a+ B)

Theorem 3.4Let G be a Strongly Quotient Graph with n> 3 vertices and maximum
edgesm. LetP={p/p isaprimeand§<p§ n}and a=|P|. Then

SEG) <a + B+ Jl+(?-n—a-Bn-a-B-1) ®)
and SEG) > ar + S+ (N—a—B-D(N+a+B+E)+(a+B)?

Whereg = (N—a— B)|detS(G) I%*ﬂfﬂ
Proof: Lemma (2.6) states that

1
n n 2 1d n n
N<nda-| Y aj | <n(-1)N, whereN=n H;ai —[HaiJ

|:1 |=1 |=l

Replacing a; bys?and nby (n-a - )

(-a-p)  ((-a:p) )
NS(M-a-B) 3 sit-| sl < (-a - AN, e (1)
i=1 i=1

1
(n-a-p) (n-a-p) (n-a-pB)
2 2
where N = Z S _(n'a'ﬂ)( H SiJ :
i=1

i=1
By Theorem 3.1 and 3.2, it is known that 1 and -1 are the S- eigenvalues of the Strongly Quotient Graph
with multiplicity greater than or equal to « and /3 respectively.

Observe that
2

N=n’-n-a-pg-(n-a-p)|detS(G)|" "
:n2—n_a_13_é/
{ - (n-a-p)|detS@G)|" "

where
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From (1) we get

[SE(G)-a-B)f 2(n—a-p)(n* -n-a-p)-(n-a-S-1)N

= SE(G) 2a+p+(n—a-B-DN+a+B+)+(a+B)

and

[SE(G)-a-pB)f <(n-a-p)(n*-n-a-p)-N
=C+(n*-n—a-p)-a-L£-1)

—SE(G) <a+ B+ ¢+ —n—a-B)(-a-L-1)

Hence we get the upper and lower bounds for the Strongly Quotient Graph.
Note: Upper bound of (B) is sharper than upper bound of (A).
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