MATEMATUYHE MOJIEJIIOBAHHA TA YHMCEJIBHI METO/JI1

KIBEPHETMKA
a KOMIT'IOTEPHI
TEXHONOTi

Yepes nowupennss COVID-19 y ceimi, mame-
MamuyHe MOOeNB8AHHS enioeMioNo2iUHUX Npo-
yecie — ye 6adNCIUBA | AKMYAAbHA HAYKO8A
npobnema. IH00i uepes 6ucoxy eapmicmo JiKy-
8AILHUX 3AC00i8 3a0e3neueHHs] HUMU KOHMCHO20
X60p020, 0COONUBO 8 HE3AMOJICHUX KpaiHaXx,
cmae Hemodcausum. B yvomy eunaoky eunuxac
3a0a4a NOWLYKy NesHO20 «KOMHPOMICY» Midic
DPeanbHO MONCIUBUMU 00CA2aMU 3aKyNieni 1iKie
ma  NOMeHYilHO  YUCETbHICIIO  JH0OCLKUX
empam y pesyivmami enioemii.

Knrwwuoei cnoea. enioemisn, mooenosanns enioe-
Mitl, MIHIMIZayis 30UmKis.
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Beryn. Yepes mommpenns Bipycy COVID-19 y cBiri,
MaTeMaTHYHE MOJICIIIOBAHHS €IiICMIONIOTIYHUX MPOLECIiB
— e BaXJIHMBa 1 akTyaJbHa HaykoBa mpoOnema. [Hoxi
Yyepe3 BHCOKY BapTiCTh JiKyBaJbHHX 3aco0iB 3abesrme-
YEeHHS! HUMH KOYKHOTO XBOPOT0, OCOOJIMBO B HE3aMOXKHUX
KpaiHax, CTa€ HEMOXJIMBUM. B 1[bOMy BHIaJIKy BUHHKAE
3ajaya TOIIYKY IEBHOIO «KOMIIPOMICY» MIiX pealbHO
MOXKJIUBUMH 00CSTaMH 3aKyIiBJIi JIIKIB Ta TOTSHIIHOO
YHCENBHICTIO JIIOJCHKUX BTPAT y PE3yNbTaTi emigeMii.

VY naniii poGOTi BUKOHAHO MaTeMaTH4YHY MOCTaHOBKY
TaKol 3a/ayi Ta MPOBEACHO ii aHANITUYHE JOCIIKCHHS,
a TaKoX OTPUMAHO OLIHKH JCSIKUX MapaMeTpiB eIiaeMiid,
30KpeMa, IX TPUBAJIOCTI Ta KUTBKOCTI XBOPUX y TMEBHHUH
MOMEHT Yacy MpH JesKill (BeNHKiii) Mo4aTKOBiH KiJIbKOCTI
XBOPHX.

IMocranoBka 3amauwi. [l MoIedrOBaHHS —eImigemiit
3a3BHYAl PO3TIAJAIOTHCS MOJIENI, 0 PO3AUISIOTH MOIY-
JIALI0 HA TpU Kiacu [1]:

— Kkmac S — susceptible — Bpasnusi, ane He iHdikoBaHi
JO/IH;

— kuac | —infected — indikoBani moau;

— xmac R — removed — moau, mo Oyau iHdikoBaHi
1 TIOTIM BHKITIOYEHi 3 KJacy THX, XTO Moxe OyTH iH(i-
KOBaHMM (HalpUKIaA, 4Yepe3 HaOyTTs imyHiTeTy abo
cMepTh). BiamosigHo xBOopoOM Ta iX Mojeni MOAUIAIOTH
Ha JIEKUIbKA THITB y 3aJIKHOCTI BiJ] TOTO, SIKUM YHHOM
BOHU TIEPEBOASTH OJIMH KJIac B 1HIIHUIA:

— SIR — xBopoOM, 1110 BUKIUKAIOTh MOCTIHHUN iMy-
HITET Ta MepeBOIATH KOXKHOTO 1HAMBIJA 3 KJIacy S B Kiac
1, a motim — B ki1ac R. 3a3Buyaii 10 OTO TUIY HAJIEKATh
BipYCHI 3aXBOPIOBaHHS;

— SIS — xBOpoOHM, IO HE BHKJIHMKAKOTH IKOIHOTO
IMYHITETy Ta MOBEPTAIOTh JIIOJEH 3 Kiacy iH(iKOBaHHX
3HOBY JO KJIaCy Bpa3MBUX. 3a3BWYail J0O IBOTO KIIACY
HaJIe)KaTh OaKTepiadbHiI XBOPOOH.

Takox ICHYIOTh OUIBII CKIIQJHI THIH XBOpOO Ta
BianmoBigHux Mouenei. Hampukman, momaens SIRS Biaro-
Bijjae cutyanii, koau HaOyTWil y pe3ynbraTi XBOpOOH
IMyHITET € THMYaCOBHUM.
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[Mpuxnagom moneni SIR € mogens Kermack-McKendrick [3]. Tlo3naunmo uepe3 dynkuii S(t), I(t),
R(t), BiAMOBiIHO, YMCENBHICTh BPA3IUBHX, 1H()IKOBAHUX Ta BHKIIOYECHHX 3 MOJCII JIIOJCH y TEBHUIMA
MomeHT 4acy t. Toai 3MiHa KX QYHKLIH OMUCYETHCS CUCTEMOIO TU(epeHIiaIbHUX PiBHIHb:
ds
— =—SI,
dt
dl
— =BSI -1,
dt
dR
dt

Ie 3 — piBeHb 3aXBOPIOBAHOCTI, Y — IIBUAKICTH OyXKaHHS.

v,

s cucrema oOTPYHTOBYETHCSI HACTYINHHM YWHOM: 30LNBIIEHHS KUTBKOCTI 1H()IKOBAaHUX 3aJIEKUTh
MPSIMO TIPOTIOPIIHHO BiJ] TEMEPImHbOI KIMBKOCTI 1H(IKOBaHUX (aMkKe UMM OUIBIIOI € YHCEThHICTH
iH(IKOBaHUX JIOACH, THM OLIbIIe MaeThCs JKeped iH(EeKIil) Ta TemepilHbOI KiTBKOCTI BPa3JIMBUX.
KinmpkicTp THX, XTO OQykaB 3 HAaOyTTSAM IMYyHITETy, Ta TIOMEPIIHUX 3aIEKUTh MPSIMO MPOTOPIIIHHO Bif
KITBKOCTI 1H(IKOBaHUX.

Taka Mozens TocuTh TOOpe ONMUCYE MOYATOK eMifieMil, KO rycTHHA iH(IKOBaHUX cepell BPa3InBUX
€ HU3BKOIO.

Epomroriist  pynkmizi  S(t), 1(t), R(t) s3amexuth Big 4ymcna, MO B emiAeMIiONOrii Ha3WBAETHCS
Koegiyienmom 8i0meoperHs 1 BABHAYAETHCS 13 BUPa3y:

R =PS
0
Y
(3a3Ha4nMo, 110 Ro — 11€ JIKIIe MO3HAYEHHS, 0 He Ma€ Hivoro crinbHoro 3 R(t)).

Ro < 1 o3nHauae, mo KoxeH iH}piKOBaHUH y cepeqHhOMY 1H(IKYyEe MEHIIIe OJHOTO BPA3JIUBOTO JI0 CBOTO
BHKIIIOUEHHS. B mboMy pasi emimeMis mBUAKO 3aBepuIyeTbes. SIKmo k& Ro > 1, KigbKicTh iH(iIKOBaHHX
CTPIMKO 3pOCTaTHME.

Ha cporomni po3po0iieHa IOCHTH BEJHMKa KUIBKICTH MOJENEH TaKoro <«JI€TEepMIHOBAaHOIO» THILY,
MOBE/iHKA 1 BIACTUBOCTI 06araThOX 3 HUX JOCIipKeHi. [[pHHINUTIOBHI HEIOIK MOeNell TaKoTo THITY — I1e
BIJICYTHICTh Y HUX CTOXaCTHYHHUX ITiJIXOJIB, X04a OUEBUIHHM € Te€, MI0 MPOIleC PO3BUTKY emigemii 3a
CBOEIO CYTTIO — BHIIQAKOBUH. ToMy B HaHii poOOTiI pO3IIAAAIOTHCS MOAEIb 1 METOAH, SKi OMHCYIOTh
PO3MOBCIOKEHHSI eTTi/IeMill sIK BUTIAIKOBI, a HE IETEpPMiHOBAHI IIPOIIECH.

Hexait € n xBopux mogeii. KoxXHOTO ITHS KOXKEH XBOPHUI HE3aJeKHO BiJ IHITUX MOXE OMYXaTh 3

B Y

WMOBIPHICTIO — 1 IIOMEPTH — 3 UMOBIpPHICTIO — . TaKkoX KOKHOTO JHS X XBOPHM BHIAIOTHCS JIKH, SIKi B
n n

HAaII MOJIelTi BBXKAIOThCA a0comoTHO eexTuBHIMH. KoxHa oquHMIA TiKiB Mae 1iHy c. KoxxHa cMepTh
3aBj1a€ JeIKOl MIKOJHM, sIKili IPHUCBOIOETHCS TporoBa BapTicTh d. TIpoiiec 3aBepiryeThes, KON BCi XBOPI

abo oxyxarTh, a00 MOMpYTh. 3aaya MmoJsrae y MiHimisauii 3HadeHHs ¢pyHKUioHana E [Cn + d&] , e m —
3arajibHa KiIbKICTh BUKOPUCTaHMX OJMHHMIb JIKIB Mg Yac emizemii, & — 3arajbHa KiNbKICTb cMepTeil, 3a
JIOTIOMOTOFO Bapiarlii MoAeHHOT KiJTbKOCTI BUKOPUCTAHUX OJUHUIb JIKIB X TIPU N —> 00.

3ayBa)XMMO TaKi 0COOIMBOCTI 3a/1a4i:

— Ha BiAMiHY BiJ OUTBIIOCTI MOJIENIEH eIiIeMioNIorii, 10 KJIacy XBOPHX y XOJIi MPOIECY HE TOAA0ThCS
HOBI iHmuBimu. lle MOXIIMBO, HANpPWKIAJ, SKIO XBOpoOa € TEHETHYHOK, abd0 BHKJIMKAHA MACSKOO
MTOOJIMHOKOIO KaTacTpodoro;

— BBa)XaTUMEMO, IO Bci mapametpu 3amadi (B, v, C, d, N, x) moxatHi. Takox, 3BUYAWHO, KUTBKICThH
XBOPHX Ta IIOJICHHA KiJIbKICTh OJJUHUIIb JKiB IIiJIi;
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— MM BB@XAEMO, 1110 X HE 3MIHIOEThCA B yaci. Ha BiaMminy Bijg mapametpis P, v, C, d, N, perymoemo x,
aJie BiH 3aJIMIIAETHCS CTAIUM.
Posp’sizannst 3amaui. Hexaii N(t) — kimbkicts XBOpHX y MOMeHT Hacy t. Posrismemo mporiec, 1o

3a/1a€ThCS PIBHIHHIM
t
=n->(g(i)+x+n(i)), M(0)=n, (1)
i=0
ne &(i) — KimbKicTh JMOZCH, 10 TOMepiH B MOMEHT, W(i) — KUIBKICTh THX, XTO OZy’KaB CaMOCTIiHO y

MOMEHT 1.
bauumo, 1m0 ms Oynb-sSKo1 TpaekTopii
M(t), M(t)>0;

N()= {o, M(t)<o0.

HiiicHo, N(t) MepecTae 330BOJBHSITH PIBHSIHHSM (1) JIMIIe KONU KiJIbKICTh XBOPHX CTA€ MEHIIIOO 32

)

IIOZICHHY KIMBKICTh OMMHHUIK JiKiB x. Hamam mu Oymzemo mparioBat 3 M(1), a mOTiM HOKa)XeMo, 110
OTpHUMaHi pe3ybTaTH MOXKHA 3acTocyBatu 10 N (t)
st 3HaX0IKeHHS MOBeNiHKY (PYHKIIIT 30MTKIB BiJl 3aXBOPIOBAHHS JIOBEACHO TPH JIEMHU.

JMema 1. |
E[(M(t))]:(l—%—%) n(1+ﬁj—%. 3)

Josedenns. KoxHOro THS KOKEH XBOPHH MmomMupae abo OIyKye BHIAIKOBO HE3aJEKHO BiJ 1HINUX,
TOMY

E[£(t)|M (t-1)]=E[£(t)|M (t-1)=m] =%m sz(H):%M (t-1). 4)
Tak camo
E[u(t)m (t—1)]:%|v| (t-1), (5)
TOMY
EE(t)=E[E[&(t)M (t-1)]]= I EM (t—1) (6)
En(t) =%EM (t-1). )

3 piBHsHHS (1) BUIITHBAE, TIIO

ToMy
EM (t)-EM (t-1)=—Eg(t)-x—Ep(t) =—%EM (t—l)—x—%EM (t-1),
3BIIKH OTPHMYEMO
EM (t)z(l—%—%)EM (t-1)—x. ®)
PO3IISHEMO OJHOPIIHE PiBHAHHS

y(t):(l—l—ﬁjy(t—l). ©
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Po03B’s13Kk0M [ILOTO OJJTHOPITHOTO PiBHSHHS €

t
v_B
t)=]1-——=| C,, 10
y(t) ( " n] s (10)
ne C, — neska koHcTaHTa. ToJli po3B’A30K piBHAHHA (8) MOKHA IIPEACTABUTH y BUIIIAL
EM (t)= ( ———EJC +C,. (11)
ITincrapnstoun (11) B (8), 3Haitnemo C,:

sz(l—z—E)CZ—x - C,=—2% | (12)

n n Y+B

Koncranty C, 3#axoammo 3 mo4aTkoBoi ymosu EM (O) =n:
n=C,-—% = ¢-= n(1+ij.
v+B
ITincrapnsroun orpumani 3nadenna C, ra C, y (JI1.9), orpumyemo
t

EM (1) =(1—1—E] 14X |- X
n.n v+B) v+B

Jlemy 1 noBeneno.

Jlema 2.
2 t| K2 a, t_a; a,
E[M (t)}:ai[n —1_aij+a2a3:11_a2+q, (13)
aec
ai:n(n—y—[r32+(y+[3) , (14)
az:—2xn2+n(2x+1)(y+B)—(y+B) (1+ X ] (15)
n v+P
a,=1-P_Y (16)
n n
:2xn2—n(2x+1)(y+B)+(y+B)2 X ), 17)
) n v+B)
Josedenns. Ananoriuno a0 (4), (5) maemo
D[g(t)M (t-1)] ( j (18)
D[u(t)|M(t-1)]= B(l BjM(t 1). (19)
Tomi
E[g(t)w(t_l)]zo[g(t)pvl(t_l)]+(E[g(t)|M(t_l)])z=%[1_%jm(t_1)+ﬁ_zmz(t_1),
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3BIIKH
EEX(t)=E[E[& ()M (1-1)|= %(1—%) EM (t—1)+Z—2EM 2(t-1). (20)
AHaNoriyHo
x (t):%(l—%)EM (t_1)+ﬁ_zEM2(t_1). 21)
Takox
cov (&(t),u(t)|M (t-1)) = E[ &(t)u(t)|M (t-1) |- E[g(t)[M (t-2) |E[n(t)|M (t-1) | = —%%M (t-1),
3BIIKH

E[(OnOM (t-1)]= B (M? (t-1)-M (t-1)) =

n
_BEM? (1-1)— _
= E[g(t)u(t)]_nz(EM (t-1)-EM (t-1)). (22)
3 piBHsAHHS (4) BUIUIHBAE, 110

M (t-1)E[&(t)|M (t- 1} IM2(t-1) = E[g(t)M(t—1)|M(t—1)]=%|v|2(t—1) =

= E[g( t)M(t—l)]z%EMz(t—l). (23)
Tak camo
E[n(t)M (t—l)]z%EMz(t—l). (24)

3 piBHsHHS (1) BUIITHBAE, IO

M (t)zn—g(&(i)+x+u(i)),
3BiJIKH OTPUMYEMO

t-1

EM?(t)-EM?(t-1)= EKn—;(&(iHx+u(i))—(§(t)+x+u(t))2—[n—Z(é(i)+x+u(i))D ]:

i=0

{ ( 2( )+ x+p(i )j(ﬁ(t)+X+p(t))+(§(t)+x+p(t))z}=
E[-2M (€ D) (20 (0) £ (0)+ K410 (420 (0)+ 2ua(1)+ 250 (1)] -
= —2E[E(t)M (t—1)|-2XEM (t—1)—2E[n(t)M (t-1) ]+
+EE (1) + X* + Ep? (1) + 2XEE(t) + 2XEp (t) + 2E[ £(t)p(t)]. (25)

3naroun cmiBignomenus (6), (7), (10) — (12), moxxHa BUpa3uTH BCi JA0JAHKH MpaBoi YacTHHU (25)
yepes EM*(t—1) Ta EM (t—1). Maewmo:
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EMZ(t)—EM2(t—1)=—2%EM2(t—1)—2%EM2(t—1)—2xEM(t—1)+
V(1P \em o)+ [ L) EM2(t-1)4 2+ B(1- B )Em (t-
*H(l njEM(t 1)+(nj EM? (t—1)+ x +n(1 njEM(t 1)+

+(%) e? (t-1) +2x L Em (1) 2xem (t-1) 12 B et (1) -

2 ZB V Bz+2@]EM2(t—1)+

n n n

B—z+2x +2xB ZYﬁj M (t-1)+x’

n n

2

—ZYBEM t-1) (
B
n n

[ 2x+y_y_
n

3BIJIKH BUILIMBAE, 1110

n(n—2y-2B)+(y+B)’ —2xn? +n(2x+1)(y+B) - (v +B)°

EM?(t)= > EM?(t-1)+ 5 EM (t-1)+x*, (26)
n n
npuaomy EM (t —1) Bu3HauaeThes 3 (3). [lo3HaumBIIM KOHCTAHTH Y (26) &, 1 = 1,4, OTPUMYEMO
EM?(t)=aEM*(t-1)+a,a; +a,. (27)

B namwiii mogeni n — oo, X,y,p =const, Tomy

n(n—2y-2)+(y+B)’

n2

=1+0(1), n—>o. (28)

Ockimsku 2(y+B)n> (y+PB)° w1s 10CTaTHBO BEIMKHX N, TO
a <l (29)

Posrnsanemo koHcranTu a,,4a,,a,.

az:—2Xn2+n(2X+1)(Y+B)—(Y+[3)2(14_ X j:_ZX[l_,_Ljn.ko(n);tO, n—oo.  (30)

n v+B v+B
a3=1—%—1=1+0(1)¢0, n—co. (31)
n
2xn*—n(2x+1 ? 2
a, = X (2x+1)(v+B)+(v+P) ( X J+x2= 2x n+o(n)=0, n—o. (32)
n v+B v+B
3 piBusnHs (28), (31) maemo
2
—yn —pn
a,—-a,= vn-p J;(Y+B) #0 = ! =—L+o(n), n — oo (33)
n 4 —a v+P
IToBepHemocs 10 (27). CrioyaTKy po3riIsIHEMO OJTHOPiIHE PiBHSIHHS
y(t)=a,y(t—1)+a,a;. (34)
Po3srnsHemo nepuii nexinbpka Y :
y(0)=C,,
y(1)=aC, +a,a,, (35)

ISSN 2707-4501. Cybernetics and Computer Technologies. 2020, No.2 35



I1.C. KHOIIOB, O.B. FOI'TAHOB

y(2)=a,(aC, +a,a;)+a,a; =a;C, +a,a,(a, +a;),

y(3)=a, (afC1 +a,8,(a + ag)) +a,a’=a’C, +a,a, (af +aa,+ a§) .

Amnarizyroun (35), MOXKHA MIPUITYCTHTH, IO
t t

y(t)=alC, +a,a, 2 % (36)

3
3 piBusanEA (33) mMaemo, mo & —a, #0. IlepeBipumo mpumymenHs (36) 3a ZOMOMOroK MaTeMa-

THuHOT iHAYKLil. ba3a nosenena B (35). [Ipumyctumo, mo (36) npaBuibao 1 t. Toxi

t At
y(t+1)=a,y(t)+a,a," = ai(altc1 +a,a, 4 :3j+a2a;*l =

]

t+1 t t t t+1 t
-aal+aal-a -a
4 —8%+33 4 =a"C, +a,a, &

a —a, a —a, .

Taxum unHOM, (36) noBeneHo. 3 Burisiy (27) ta (36) BUIHO, 110 PO3B'SA3KOM piBHSIHHSA (27) €

=a"C, +a,a,

2 t a1t _a;
EM?(t)=a,C, +a,a,+—2+C,. (37)

3
3Hnaiinemo koncranty C,. Ilincrasnstoun (37) B (27), Mmaemo:

8,

C,=aC,+a, = C, =1 (38)
Takosk 3 yMOB 3aj1a4i BiJIOMO, III0
EM?(0)=n?,
3B1JIKM BUILIMBAE, 1[0
C,=n’-C,. (39)
Taxum urHOM, 3 (37) — (39) Maemo
t t
EM?(t)=a!|n? -2 |+a,0, 2 "%, &
B O=aift- 5 fraa B8 2
ne a;,1 =14 BuzHauatotbcs 3 (28), (30) — (32).
Takum 9rHOM, JIeMy 2 JTOBEJICHO.
Jlema 3. Hexait a € R . Toni
D| M (an
OMEN] o s @)

2
(E[M (an)})
llosedenns. Mu 3naemo EM (an) (3) fa EM Z(an) (13). Mu TakoX B)K€ 3HAUILIN aCHMIITOTHYHI

3HAYEHHS JeSKHX KOMIIOHEHT EM? (t) B (30) — (31). 3naitnemo pemiry:

2 n
a :[1—2(y+[3)%+—(y:2 ) =P 1 0(1), n >0, (41)
3 piBHsHHS (32) BUILIMBAE, 1110
a, = 2x° n+o(n) n— oo
Cy+p '
1 __n (n), n— oo
1-a,  2(y+B)

TOMY

36 ISSN 2707-4501. Kibepnemuxa ma xomn'romepui mexnonoeii. 2020, Ne 2



MOJIEJTFOBAHHS EIIJIEMIA

2
4 __X sn°+0(n’),  n-ow.
1-a  (y+p)

3 pisastans (30), (31) BumumuBac, 1o

X
=— _— o0
a,a, 2x(1+ y+BJn +0(n), n— o,
an
al" = (1—%—%) =" 10(1), n >0,

3 piBastHHEs (41) BUIIIHBAE, 110

a® —al =e P P 1 o(1), N>,
3 ypaxyBaHH:sM (33) MaeMo

a2a3a1 —a, =_2X{1+Ljn2(_iJ(e2a(y+[3)_ea(y+[3))+(n2):
a, —a, Y-i—B y+[3

2
S n (e —e "M} 0(n?), n—on.
v+B  (v+B)
3 piBusiHHSA (41), (42) Ta (44) Mmaemo

(42)

(43)

2 2 2
EM?(an)=e 0" {1—X—Jn2 +[ 2X_, _2X }(e‘za”*) —e 0 )n? 4 X n?+o(n?)=
)

(v+B) ) (7+B (y+py

2 2
—1- X - 2X N 2X . efza(y+[3)n2 _
(v+B)" v+B (v+B)
2 2
{_yixﬁ + (Y2+Xl3)2 }e'e‘(”ﬁ)n2 + (yJ):B)Z n*+o(n’), n—o.

Posrasaemo (EM (an))2 . 3 piBusiHH#A (3) BUIUTHBAE, 10

(EM(an»ZZ{eawm[1+_ﬁ_j__ﬁ_Tn2+o(m):

y+B) v+B

2 2 2
= {1+ﬁ+ X ]ez""(”ﬁ)n2 —2[L+X—2]e""(‘”’3)n2 SRR S +o(n?).
v+ (v+B) v+B (v+B) (v+B)
3 piBHsHHSA (46) 6aunmoO, 1110, MO-TIEpIIe
(EM (an))Z:O(nZ), n— o0,

o-1pyre,
D(M (an))=EM?(an)~(EM (an))’ =o(n?), n—w.
3 piHsiab (47), (48) MoKHA 3pOOUTH BUCHOBOK, IO
D[ M (an)] 0
(E[M (an)])

n — oo,

Jlemy 3 moBenmeHo.
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Teopema 1. Hexait T(n) — 3aransna Tpusanicts XBopoGH mpu N XBOPHUX, TOOTO
T(n)=min{t:N(t)=0}.
teN

Toni
ve>0 P(T(n)-an|>en)—>0, n—w,
ac
|nx+7y+[3
_ X
R

Jloseoenns. Posrnsaemo P (T (n)< an) IS IESKOTO a

P(T(n)<an)=P(M(an)<0)=P(M (an)—EM (an)<—EM (an)).

(49)

(50)

(51)

Mu 3acrocyemo HepiBHICTh UeOuWIoBa [uist OIMIHKK Ii€l WMOBIPHOCTI, aje I I[bOro MOTPiOHO, 00

BHKOHYBaJIACh YMOBa
-EM(an)<0 < EM(an)>0,

sIKa, BpaXxoByrouH (3), €KBiBaJICHTHA HACTYITHOMY:

(1_1_Ej"n(1+ij_£>o -
n n Y+B) y+P

BY" B
P (1—1——) > P anln(l—l——j>ln =
n n X+vy+PB n n X+v7+PB
|n(1_y_Bj |nX+Y+B
n n X .
& a< - =1a,, N—> o
X +[3
nin Y
X+vy+PB

Takum unHOM, 00MparOun a < 8, BUKOHYEThCS Ha MiJICcTaBl HepiBHOCTI Yebumosa
P(T(n)<an)=P(M(an)-EM(an)<-EM(an))<
D[M (an)]

(EM (an)y
AHaJoriyso, pu a < a,, OCKIBKU B IIbOMY BUNIAKY
EM(an)<0 = —EM(an)>0,

<P(M(an)-EM(an) > EM (an))< —0, n—>owo.

OTPUMYEMO
P(T(n)<an)=P(M(an)-EM(an)<—EM(an))<

D[M (an)]
(EM (an)y’
3 mepiBnocreii (53), (54) sumnBae, mo

eso {P(T(n)>(ao+a)n)—>0, n—>oo,
P(T(n)<(a,—€)n)>0, n—>ox

< P(M(an)-EM (an) > EM (an))< —0, Nn>w.

10 pieHocuibHE (49). TakuM unHOM, TeopeMy 1 OBeIEHO.

(52)

(53)

(54)
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3ayBaxkenHs. Teopema 1 o3Hauae, M0
T(n)—>a,n+o(n).
Jlani BuKopucToByBatTHMeMo Habmwkenns ET(n)~an mpu obuncrenHi sHadeHHs X, mo MiHiMizye

sHaveHHs pyHkiionana E[cn+dg].
Teopema 2.

E[cn+dg]~n {(1— e ) (x Er . +B[§2)dv - aoidBy + aocx} . (55)
v v

Logedenns. KoxXHOTO IHS BUKOPUCTOBYETBCS X OJMHHUIB JIIKIB, TOMY 3arajibHa KiJbKiCTb BUKOpH-
CTaHUX OIWHUID JIKIB

n(x,n)=xT(n) = Ecn(x,n)=cxET(n)~=a.cxn. (56)

3aranpHa KiTBKICTh cMepTel

(1_Y_B
_[1+ X jd n n (1 v BY" 1| axndy
y+B) 1 B non v+B
n n
=(1—(1—1—Ejaonjn_y_3[1+ X jdy—aox—”dy. (57)
n n v+P Y+B v+B

3 piBusHHs (57) BUILTHBAE, IO
e onsaz=(1-e =) (D=1 B 1 +B)01 _agndy

(y+B) yep
~n (1—e%(V*B))(X+Y+Bzdy—aOXdy+a0cx : (58)
(v+B) v+

Teopema 3. ITosuaunmo f (x,n)=E[cn+dg].

1. Sxmo c(y+B)=dy, o 3Hauenns f 3pocrae 3i 3pocrannsm X;

2. sign{f,(x,n)}= sign{(x+y+[3)lnwx+ﬁ—(y+l3+m+&+ﬁ)]} ;

3. sign{f,s (x,n)} = sign {[%—1}(@2 +dyB+c(y+B)2)—dy}.

Jlosedenns. 3 nepisuocri (52) BummBae, mo
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Inx+y+[3
_ _ X
a, =a,(x) -
3HaiiIeMo TepIry MoXiaHy fX’(X, n)
f,(x,n)=n| —e 0" X (_l_EJ(XJrV“LB)dYJr
' (x+y+B)(y+B)\ x* x*) (y+p)

L X (_l_ﬁj(_ﬂj(_ﬂmjw (_ﬂwﬂz
(x+y+B)(y+B)\ x* x* ) y+B)L v+B U v+B

=n e*%(‘/*ﬁ) dy + 1 ( d'Y _Cj+a (C—ﬂ] =
(v+B)'x x+v+Bly+B 7 v+B

=n dy + dy - ¢ +a, C—ao—dy =
(X+y+B)(y+B)Z (x+y+B)(y+B) x+y+B ° y+B

n
= > dy+dy?+dyp—cy® —2cyp—cp® +
(x+v+B)(v+B) [

+c(y+B)(x+y+p)In

XHr4B g X+_v+B}=
X

(x+y+B)In .
(X+y+B)|nX+1+B[Cy+cﬁ—dy]—[c(y+ﬁ)2 —dy(l+y+B)}
= n>0 <

(x+y+B)(v+B)’

o (x+y+[3)InXLX+B[Cy+c[3—dy]—[c(y+[3)2—dy(1+y+[3)]>0.
Skiro
c(y+B)—-dy=0

TO
(:(y+[3)2 —dy(1+y+[3)=dy(y+B)—dy(1+y+B)=—dy< 0
1 Tomi
f/(x,n)>0.

Lle o3Hauae, 110 mpH 301IBIIEHH] 00CATY JIIKiB Ha JIEHb 3arajibHi MaTepianbHi 30UTKH 3pOCTAIOTh.

Hexaii Tenep C(y + B) —dy #0. Ioxinua f mopiBHIOE HYJIIO, KOJH BUKOHYETHCS:

9(x) = (x+y+p)n 2P -

:C(y+[3)2_dy(1+y+[3) B+ dy

c(y+B)-dy . dy—c(y+B)

OCKUIBKH

(59)

(60)

(61)

(62)
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9'(X)=|”X+Y+B+XX_X_2Y_B=|nX+Y+B—Y+B=In[1+_Y+B)_Y+—B<O,

TOMy piBHSHHS (62) Mae He OLIbINE OHOTO PO3B 3Ky, a f (X, n) — He OibIle OJTHIET KPUTUIHOT TOYKH.
TakuM YMHOM, MU JIOBEJIH, 1110

sign{ f/(x,n)}=sign {(E [en+ dg])xr} -

=sign{(x+y+B)lnH++B—(y+B+dy+MJ}. (63)

Posrmsinemo npyry noxinay ¢yskmii f

f”(xn):{C(HB)—dv X (_Y+B]+C(Y+B)2_dy(1+y+B)jn:
o (r+B) x+y+BlL X ) (yB) (x+y+B)

X

[ (dr=elr+B)(r+B)y +oly+BY ~dr(ter+p)
= >0 <

(y+B) (x+v+B)’

WeB) OB oy p)—dy(iry +6)>0 <

& dy(y+B)(§—1j+c(y+B)2 (1—%}—@ >0 <

= (%—1j(dy2 +dyB—C(y+B)2)—dy>0,
TOOTO
sign{ 7 (x,n)}= sign{(%—l}(dyz +dyB—C(y+B)2)_dy}, (64)

Takum unHOM, TEOpeMy 3 TOBEIICHO.
Pesynbrar Teopemu 3 5ae 3MOry 3HAXOJIUTH 3a JIOTIOMOTOI YHCEIBHUX METOMIB MPH 3aJaHUX
3HAYEHHSIX IMapaMeTpiB Y Ta [3 Take 3HAUYEHHS X, NPU SKOMY 3HA4YeHHs (YyHKI[iOHaJA E[Cn+dE_,]

— MiHIMaJIbHE.

BucHoBku. Y po0OTi OTpUMaHO JEKiJIbKAa OILIHOK MapaMeTpiB emijemii. 3HANACHO SBHI BUIJISIU
MEPIIMX JTBOX MOMEHTIB YMCIIa XBOPUX Y KOKEH MOMEHT Yacy, a TaKOX OI[IHKa TPHUBAIOCTI ermijemii.
Takox 3HaMIEHO OIIHKY 3HAYEHHS MAaTEMaTHYHOTO CIIOAIBAHHS 3arajbHUX BHUTpAT Yepe3 eIiJeMito, 1110
CKJIAJIAIOThCS 3 3arajbHOI BapTOCTi JIKIB Ta 30WUTKIB y pe3ylbTaTi cMepTel. 3amporoHOBaHO JEKiIbKa
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(dopMyJ1, O CHPOUIYIOTH 3HAXOJKEHHS Takoi KUTBKOCTI OJIMHUIIL JIIKIB Ha JCHb, IO MIHIMI3YIOTh

3HA4YCHHS BUIIC3a3HAUYCHOL OLIiHKI/I.

3amponoHoBaHa 3aiada Ta ii PO3B’A30K MOXYTh OYTH BHUKOPHUCTaHI B OCHOBI MOZEJCH IEsIKHX

emizeMmiil I MiHIMi3alii BUTpaT Ha BaKUMHM Ta BWIUIATH MOB’si3aHI 31 CMEPTSAMH, BUKIIHMKaHi

3aXBOPIOBAHHSAM.
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Beenenne. Beuny pacrnpocrpanenuss COVID-19 B mupe, MaTeMaTuueckoe MOJEIUPOBAHUE IIUIEMUO-
JIOTMYECKHUX TPOIIECCOB SBJIAETCS BAKHOW M aKTyalbHOW Hay4dHOH mpobiemoi. MHorma, u3-3a BBICOKOM
CTOMMOCTH MEIULUHCKUX IPenapaToB, oOecleueHue UMM KaXJoro 00JbHOro, 0COOCHHO B O€AHBIX CTpaHax,
CTaHOBHUTCS HEBO3MOXKHBIM. B TakoMm ciyuae BO3HMKAaeT 3ajaya IOHCKA OIPEIEIEHHOI0 «KOMIIPOMHUCCA»
MEXIy AEHCTBUTENLHO BO3MOXKHBIMM OOBEMAaMH 3aKyIKH JIEKapCTB U IOTEHIUAIbHONW UYUCIEHHOCTBIO
YeJI0OBEYECKUX MOTEPh B PE3y/IbTaTe SMHUIEMUH.

Heas pa6orbl. B naHHOW paboTe nmpou3BelneHa MareMaTHdecKas IOCTaHOBKA 3aadyll MHUHHMMHU3AIMU
YOBITKOB, TOHECEHHBIX BCJIEACTBUE SIUJEMHUH, U TIPOBEICHO €€ aHAIUTHYECKOE HCCIIC0BAHNUE.

PesysabTatel. B xoie paboThl MOSy4eHBl HECKOJIBKO OLEHOK ITapaMETPOB SMHIEMUH, TaKHE Kak
JUTNTENTBHOCTD SMHUIEMUN M KOJIMYECTBO OOJIbHBIX B ONpEIeJIEHHbIII MOMEHT BPEMEHH IPH 3aJaHHOM HUCXOJHOM
KOJIM4ecTBe OOJNbHBIX. HalizieH SBHBI BHJ TNEPBBIX JBYX MOMEHTOB 4YHCJIa OOJIBHBIX B KaXbli MOMEHT
BpeMeHH. Taxke ObUIa HalZieHa OIlEHKAa 3HAYeHHsS MAaTeMaTHYeCKOTO OXKHIAHUS OOLIMX 3aTpar BCIEICTBHE
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STIHUJEMUH, COCTOSIINX U3 OOIIEH CTOMMOCTH JIEKapCTB U YOBITKOB B pe3ylibTare cMepTei. brum nmpesoxeHst
HECKOJbKO (opMyJ1, yHpOIIAOIIHe HAaXOKAEHHE TAKOro KOJMYEeCTBA €IMHUI] JIEKapCTBa B AEHb, KOTOPOE
MUHUMHU3UPYET 3HAYCHUE BIIIECYTIOMSIHYTOW OLIEHKH.

BeiBoasbl. IIpemnoxeHHas 3a7aya U ee pelieHHe MOTYT ObITh MOJ0XKEHBI B OCHOBY MOJIETICH HEKOTOPBIX
SMUAEMUN JI1 MUHMMH3AIMK PAacXOJ0B Ha BaKIMHBI M BBIIUIATHI, CBS3aHHBIE CO CMEPTSIMH, BBI3BAHHBIMU
3a00JIeBaHUEM.

KitroueBble ci10Ba: 31uaeMusi, MOJETMPOBAHUE SIHUIEMUN, MUHUMHU3a1Hs YOBITKOB.

UDC 519.85
P. Knopov !, O. Bogdanov **
Epidemics modeling

LV.M. Glushkov Institute of Cybernetics of the NAS of Ukraine, Kyiv
" Correspondence: wolfiksw@gmail.com

Introduction. Due to the spread of COVID-19 in the world, mathematical modeling of epidemiological
processes is an important and relevant scientific problem. There are many models describing the dynamics of
pandemics, such as the standard SIR model, but most of them are deterministic, while in reality, the processes
of infecting and recoveries are random in nature. Also, most of the models either do not include the existence
of vaccines or medication or do not take into consideration the price of such medication. Sometimes, because
of the high price, the widespread use of contemporary medication is impossible, especially in poor countries. In
this case, there is a problem of finding a compromise between the purchase of a low amount of medication and
a low amount of human deaths as a result of a pandemic. We propose a stochastic model, which describes this
situation.

The purpose of the paper is to develop a mathematical model corresponding to the minimization of
losses from certain pandemics, as well as the analysis of such a model.

Results. In this paper, we propose a stochastic model that describes the behavior of an epidemic with a
certain amount of medication administered among the population. We present several estimates for the
parameters of the epidemic, such as its duration and the total number of infected people at a certain time, given
an initial number of infected people. The first two moments of the number of infected people at a given time
were found. Furthermore, we found an estimate of the total losses as a result of the pandemic, which includes
medication costs and losses from deaths. Several formulas are presented, which simplify the search for the
minimal amount of medication needed to minimize the losses.

Conclusions. The presented problem and its solution can be used for models of certain epidemics to
minimize the medication costs and losses from deaths.

Keywords: epidemic, epidemic modeling, loss minimization.
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