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Abstract

Here we study [-fuzzy languages recognized by finite monoids. We show that the class
of monoid recognizable [-fuzzy languages is closed under scalar products, quotients, inverse
homomorphic images and c-cuts. We introduce the notion of variety of monoid recognizable
l-fuzzy languages. Also we obtain an Eilenberg type variety theorem for I-fuzzy languages.
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1 Introduction

Fuzzy sets were introduced by Zadeh in [7]. The theory of fuzzy language was developed as a
generalization of the classical notion of (crisp)languages. The concept of fuzzy automaton was
introduced by Wee in 1967. More on recent developments in the theory of automata and fuzzy
languages was given in [3]. Petkovic [4] introduced the concept of regular (recognizable) fuzzy lan-
guages as generalization of regular languages. In [4], he introduced the notion of syntactic monoid
of a fuzzy languages and proved that the syntactic monoid of a recognizable fuzzy language is finite.
Also he proved that the class of all recognizable fuzzy languages is a variety and there is a one-one
correspondence between the variety of all recognizable fuzzy languages and the pseudovariety of
finite monoids. We generalized the notion of monoid recognizability and syntactic monoid etc to
the class of [-fuzzy languages in [1].

In this paper we introduce the notion of variety of monoid recognizable [-fuzzy languages. We
prove that there exists a mutually inverse lattice isomorphism between the lattices of all varieties
of [-fuzzy languages and all varieties of crisp languages. Using this results and Eilenberg variety
theorem we establish a one to one correspondence between the lattices of all varieties of [-fuzzy
languages and all varieties of finite monoids.

2 Preliminaries

In this section we recall the basic definitions, results and notations that will be used in the sequel.
All undefined terms are as in [2, 3, 5, 6]. A lattice is a partially ordered set in which every subset
consisting of two element has a least upper bound and a greatest lower bound. A lattice [ is said
to be distributive if elements of [ satisfies distributive properties.

i) an(bVe)=(aAb)V(aAc).
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ii) av(bAc)=(aVb)A(aVec).

A lattice [ is said to be bounded if it has a greatest element 1 and a least element 0. Let [ be a
bounded lattice and let a € [. An element b € [ is called complement of a if aVb =1 and aAb = 0.
A lattice [ is called complemented if it is bounded and if every element in [ has a complement. A
lattice [ is called a complete lattice if every nonempty subset of [ has greatest lower bound and
least upper bound in .

A nonempty set M with an associative binary operation is called a semigroup. Semigroups
that have an identity element are called monoids.

Let A be a nonempty finite set, called an alphabet. Elements of A are called letters. A finite
sequence of letters of A is called a word. The length of the word w is the number of letters of A
occurring in w. A word of length zero is called empty word and is denoted by €. A* denotes the
set of all nonempty words over an alphabet A and A* = AT U{e} is a monoid under the operation
concatenation, called free monoid over A. A subset of A* is called the language L over an alphabet

A.

A s-variety of languages is a class of recognizable languages A*¥ such that
i) For every alphabet A, A*¥ is a Boolean algebra.
ii) If ¢ : A* — B* is a homomorphism and if L € B*¥, then Lyo~! € A*Y.

iii) If L € A*Y and a € A, then both a 'L ={ue€ A* |au€ L} and La™! = {u € A* |ua € L}
are in A*Y.

Let | be a complete complemented distributive lattice. Any function A from A* into [ is called
a [-fuzzy language over the alphabet A.
The complement \ of a I-fuzzy language ) is defined as

where A(u) denotes the complement of A(u) in [.
For [-fuzzy languages A1, A2 over A, their join (V) and meet(A) are defined by

()\1 vV )\2)(’&) == /\1(u) V /\g(u)

and
()\1 AN AQ)(U) = Al(u) N /\g(u)
Definition 2.1 (cf.[1], Definition 3.2). Let A be a l-fuzzy language over an alphabet A. Then X is
recognizable if there exist a finite monoid M, a homomorphism ¢ : A* — M and a l-fuzzy subset
m: M — 1 such that A = w1 where m¢~' (u) = w(p(u)), u € A*.
The class of all recognizable [-fuzzy languages over A is denoted by [ F(A*).

Theorem 2.2 (cf. [1], Theorem 3.4). Let A\, A1, A2 be recognizable l-fuzzy languages over an
alphabet A. Then we have the following

(i) A1V Ay is recognizable.
(i) A1 A Ag is recognizable.

(iii) X is recognizable.
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3 Quotient, Scalar product, c-cut and Inverse
homomorphic image of [-fuzzy languages

Let A1, A2 be [-fuzzy languages over A. Then their left and right quotients are defined by

(AT (u) = \/ (A2(vu) A X1 (v)), ue A
vEA*

and
AATH) () = \/ (Qa(uww) Adi(v)), ue A™.
e

Let ¢ € I, then the scalar product c- A of the I-fuzzy language A is defined as (¢-A)(u) = cAA(w).
The following theorem shows that the scalar product and left, right quotients of recognizable
[-fuzzy languages are recognizable.

Theorem 3.1. Let A\, A1, Ao € [F(A*), c€l. Then

(i) ¢c- X €lF(A*).

(i) A\ Ao, ATt € IF(A*).
Proof. (i) Since ) is recognizable, there exist a finite monoid M, an onto homomorphism ¢ : A* —
M and a I-fuzzy subset m on M such that A = m¢~! where A(u) = (m¢~!)(u) = 7(¢(u)). Define a

map 7 : M — [ by
mi(m) =cAmw(m).

Then 1 is well defined. Also we have

(me )W) = m(o(w) = cAm(ow)
= cAMu) = (e- N u),

for all u € A*. Therefore m1¢~! = c- X\. Hence c- X is recognized by M.

(ii) Since Aq is recognizable, there exist a finite monoid Ms, an onto homomorphism ¢ : A* — My
and a [-fuzzy subset my on My such that Ay = magdy ' where \o(u) = (725 ") (u) = ma(p2(u)).
Define a map 7 : My — [ by

n(m) = J\ (m2(g2(vu)) A M (v)),
vEA*
where m = ¢3(u). Then we have,

(o3 )(uw) = m(ga(u))
= A (ma(d2(vw) AN (v)

vEA*

= A Qa(vw) A (0) = A7 Ao (w),
vEA*

for all u € A*. Hence \] '\y = ¢, '. Therefore My recognizes Aj ' Aa.
Similarly )\2)\;1 is recognized by Ms. O

Let A and B be finite alphabets and ¢ : A* — B* be a homomorphism. Let A be a [-fuzzy
language over B. The inverse of A under ¢ is a I-fuzzy language A¢~' over A defined by

(Ao~ (u) = A(d(u)),u € A™.

The following theorem shows that the inverse homomorphic image of recognizable [-fuzzy lan-
guage is recognizable.
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Theorem 3.2. Let A, B be finite alphabets and let ¢ : A* — B* be a homomorphism. If A €
IF(B*), then (A\p~ 1) € IF(A¥).

Proof. Since A € [F(B*), there exist a monoid M, a homomorphism ~ : B* — M and a [-fuzzy
subset 7 of M such that A = my~! where A\(w) = (my~!)(w) = 7(y(w)), where w € B*. Define a
map 5 : A* - M by

B(u) = v(éd(u)), where u € A™.

Since ¢ and 7y are well defined, 3 is also well defined. For u,v € A*, we have

Bluv) = y(d(uv)) = v(¢(u)p(v))
= (@(w)r(¢(v)) = Bu)B(v).

So B is a homomorphism. Thus

(mB~ 1) () = w(B(u) =7(y(¢(u)))
= Ao(w) = (A7) (w),

for all u € A*. So (A\¢~ 1) = 73~ L. Hence A\¢~! is recognized by M. O

Let A\ be a [-fuzzy language over A. The c-cut of X is the crisp language A, defined by A\, =
{ue A*| Au) > c}.
The membership function can be recovered from the level cut as A(u) = sup{c | v € A.}. Then

A= \/(c “Xau)-

cel

4 Syntactic Congruence
Let A be a [-fuzzy language over A. Define a relation (~)) on A* as follows:
For u,v € A*,u ~ v if and only if A\(pug) = A(pvq),

for all p,q € A*. Then the relation ~) is a congruence on A* called syntactic congruence of .
The quotient monoid A*/ ~y= Syn(A) is called syntactic monoid of A. We have already proved
the following theorems in [1].

Theorem 4.1. For every monoid M with | M |<| 1|, there exist a l-fuzzy language A such that
M is the syntactic monoid of A.

Theorem 4.2. Let \ be a l-fuzzy language over an alphabet A. Then the following statements are
equivalent

(i) X is recognizable.
(ii) ~x has finite index.

The following theorem gives the effect operations of I-fuzzy languages on the syntactic congru-
ence.

Theorem 4.3. Let A and B be finite alphabets, A\, A1, A2 be l-fuzzy languages over A, ¢ be a l-fuzzy
language over B, ¢ : A* — B* be a homomorphism and ¢ € I . Then the following holds.

(i) ~x C ~ea

(1) ~x;vhar ~aiAde 2 ~ap N~ -
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(iv) MATTA2 YaoAT! 2~y -

(v) ¢o ~y 0! C ~yy1 where go ~y, 0t is a congruence on A* defined by (u,v) € go ~q,

op~t & (¢(u), §(v)) €~y -
Proof. (i) For u,v € A*

(w,v) e~y & Apug) = M(pvq), for all p, q € A*
& A(pug) = A(pvg)
& Apug) = Npvq)
& (u,v) €~y .
Thus ~y = ~».
(ii)Let u,v € A*
(u,v) €~y < A(pug) = A(pvq), for all p, q € A*
= cAApuq) = c A Xpvq)
= (u,v) E~ey .

—~

Thus ~) C ~.x. The proof of part (iii), (iv) and (v) are similar to that given for fuzzy languages
[3]. O

We have the following theorems.

Theorem 4.4. Let X be a l-fuzzy language over an alphabet A. Then ~y = ﬂ ~, -
cel

Proof. Let (u,v) €~y, then A(pug) = A(pvq) for all p,q € A*. So for all ¢ € I, AM(pug) > ¢ if and
only if A(pvg) > ¢. Thus (u,v) €~ for all ¢ € . Hence (u,v) € ﬂ ~Ae-

c€el
Conversely assume that (u,v) €~y for all ¢ € [ . Then pug € . if and only if pvq € A, for all

p,q € A* and ¢ € l. That is, A(puq) > c if and only if A(pvg) > c for all ¢ € | and p,q € A*.
Thus we get A(puq) = A(pvq) for all p,q € A*. That is, (u,v) €~y. Hence ~y = ﬂ ~a- O
cel

Theorem 4.5. A [-fuzzy language X is recognizable if and only if Im(A\) = {\(u) | u € A*} is a
finite subset of I and language \. is recognizable for every c € 1.

Proof. Assume that the [-fuzzy language A is recognizable. Then by Theorem 4.2, ~ has finite
index. Also by Theorem 4.4, we have ~y= ﬂ ~.. Thus for all ¢ € I,~y,D~x. Hence ~,, has

cel
finite index for all ¢ € [. So A, is recognizable for every c € .

Since ~) has finite index, the congruence classes of ~) are finite. We may assume that these
classes are [ug]~,, [U2]myy s [Un]~y - I 0,0 € [ui]e,, for all ¢ = 1,2,--+  n, then v ~) w. So
A(v) = AMw). Thus Im(X) = {A(u1), Muz), -+, A(u,)}. Hence Im(A) is finite.

Conversely assume that A, is recognizable for all ¢ € [ and I'm(A) is finite. x»,, the characteristic
function of A, is a [-fuzzy recognizable language and \ = \/(c Xx.)- Let Im(A) = {c1, ¢, ,ente

cel

Then

n

A=\/(exa,)
i=1
= (1 Xa., ) V(c2 xa,) Vo-(en X, )

Since XA, ¢ =1,2,---,n are recognizable, ¢; - X, are recognizable by Theorem 3.1. By Theorem
2.2, their join is recognizable. Thus, A = \/{_,(c; - x»,,) is recognizable. O
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5 Varieties of [-Fuzzy Languages

The notion of variety of I-fuzzy languages is introduced in this section.
A family of recognizable I-fuzzy languages is a variety of [-fuzzy languages, if it is closed under
joins, meets, complements, scalar products, quotients, inverse homomorphic images and cuts.

Theorem 5.1. [F(A*), the class of all recognizable l-fuzzy languages over A, is a variety of l-fuzzy
languages.

Proof. 1F(A*) is closed under the Boolean operations, quotients, scalar products, inverse homo-
morphic images, and c¢-cut by Theorems 2.2, 3.1, 3.2 and 4.5. Thus [F(A*) is a variety of I-fuzzy
languages. U

Theorem 5.2. The class {xr | L € Rec(A*)} is a variety of l-fuzzy languages.

Proof. Take o = {xr | L € Rec(A*)}. Let x1,, XL, € &, then Ly, Ly € Rec(A*). Since Rec(A*)
is a variety of crisp languages, L1 N Ly and Ly U Ly belongs to Rec(A*). Hence xr1,nL, and Xr1,0L.,
belongs to «/. Thus xr, A xr, and xr, V XL, belongs to /. Hence o7 is closed under join and
meet. Let yz € & then L € Rec(A*). Since L € Rec(A*), xz € &/. But xp = Xz. So X1 € #.
Thus 7 is closed under complementation.

If xr, and xr, belongs to & then Ly, Ls € Rec(A*). So LgLfl and LI1L2 are in Rec(A*).
Thus XL'Ls and XpoLo? belongs to «/. But XL, = leleZ and Xp,not = XL2X211~ Hence &7
is closed under quotients.

Let ¢ : A* — B* be a homomorphism and L € Rec(B*) then L¢~! belongs to RecA*. Thus
Xro-1 € . But xp4-1 = x1¢~'. Hence & is closed under inverse homomorphic images.

Let x1, € & then the c-cut of xp = {u € A* | xp(u) > ¢}. If ¢ = 1, the c-cut of xp is L. If
¢ = 0, then the c-cut of x is A*. For all other ¢ € [, the c-cut of x is L. So & is closed under
c-cut.

If xp € o/, then ¢- x1 € o/. Thus & is closed under scalar products. Hence & is a variety of
[-fuzzy languages. O

Since {xr, : L € Rec(A*)} C IF(A*), the class {xr, : L € Rec(A*)} is a subvariety of [F'(A*).

Here we define some family of recognizable languages and recognizable [-fuzzy languages.

Let [F and € be varieties of [-fuzzy and crisp languages respectively. [F¢ be a family of
recognizable languages such that for each alphabet A,

IF¢(A*) ={L C A" | xp € IF(A")}

and €7 be a family of recognizable [-fuzzy languages such that for each A,
T (A*) ={N€lF(A*)|A=\[_,l; A xp, for some n € N, [; € l and L; € €(A*)}.

Lemma 5.3. [F°(A*) is a variety of crisp languages.

Proof. Let Ly, Ly € IF°(A*) then xr,, XL, € [F(A*). Since [F(A*) is a variety, X5, A XLy, XL, V
XL, € IF(A*). Thus Ly N Ly, L1 U Ly € [F°(A*). Hence [F°(A*) is closed under union and
intersection. Let L € [F°(A*) then x € IF(A*). So Xz = x5 € IF(A*). Thus L € IF¢(A*).
Hence [F°(A*) is closed under complementation.

Similarly we can prove that [F¢(A*) is closed under quotients and inverse homomorphic image.
Thus [F¢(A*) is a variety of crisp languages. O

Lemma 5.4. €1 is a variety of I-fuzzy languages.

Proof. For proving the family %/(A*) is closed under Boolean operations, we first proved the
following identities.

(1) Let LC A*and cel,cAxL =(CAXL)V XT-
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(2) For Li,Ly, C A*, and l1,15 €1, (ll /\XLl) A\ <l2 /\XL2) = (ll A\ lg) AN (XLlﬂLz).

Let A\; and Ay belongs to €7 (A*) then Ay = \/|_,(a; A xr,) for some n € N,

a; €1,L; € €(A*) and Ao = \/[_, (bi A xw;,) for some n € N,b; € I,W; € €(A*). Then
MAXe = (Vi (@i Axe)) A (Vi (0i A xws)
= Vizi((ai Axz,) A (b Axw,))-

Using the identity (2) and the fact that @ (A*) is closed under Boolean operations, we get A\; A Ay €
¢ (A¥).

Let A € €7(A*), then A = \/I_,(l; A x1,) for some n € N,I; € I, L; € € (A").

A= \/?:l (Z’L A XLi) = /\;Lzl li A\ XL;-
Using the identity (1) and since €' (A*) is a variety, X € €¥(A*). Also A\; V A2 = (A; A X2). So
A1V Ay € €F(A*). Hence €7 (A*) is closed under Boolean operations.

By the similar arguments given in the proof of fuzzy languages [4], €7/ (A*) is closed under
scalar product, c-cut, quotients and inverse homomorphic images. So %/ (A*) is a variety of
[-fuzzy languages. O

[F¢ and €/ have the following properties.

Lemma 5.5. Let [F,[Fy,lFy be varieties of l-fuzzy languages and let €, 61, 6> be varieties of crisp
languages. Then

(i) 1Fy (A*) C IFy(A*) implies IFf(A*) C 1F5(A*) for every A.
(ii) C1L(A*) C €r(A*) implies €1 (A*) C € (A*) for every A.
(iii) 1Ff = IF.

(iv) €fc=¢.

Proof. (i) Let LFy(A*) C IFy(A%). If L € LFF(A*) then yp € LFi(A%). So xp, € Fy(A*). Thus
L € IF5(A*). Hence LFF(A*) C LF§(A*).

(ii) Let €1 (A%) C %(A*) and let A € €} (A*) then A = Vi i(ci A xr,) for some n € N,¢; €
l,L; € €1(A*). So for every A, A = \/I_,(c; A xr,;) for some n € N,¢; € I, L; € 6»(A*) and thus
A € €J (A*). Hence €/ (A*) C €J (4%).

(iii) A € LF°/(A*) if and only if A = \/]_, ¢; A xz, for some n € N,¢; € l and L; € IF¢(A*). Since
L; € IF¢(A*) for i =1,2,--- ,n, we have xr, € [F(A*) for i = 1,2,--- ,n. Then \/;_, ¢; A xz; €
IF(A*) as IF(A*) is a variety,. That is, A € [F(A*). Thus [F¢f = [F.

(iv) By the definition of €/¢, we have

Le¢lc & xpe€f(A)
< Le%(AY).

Thus €¢7¢ = ¢. O

From the above results, now we obtain a one to one correspondence between the varieties of
[-fuzzy languages and that of crisp languages.

Theorem 5.6. The mappings [F — IF¢ and € — €1 are mutually inverse lattice isomorphisms
between the lattices of all varieties of crisp languages and all varieties of I-fuzzy languages.

Proof. By Lemmas 5.3 and 5.4, [F€ is a variety of crisp languages and €7 is a variety of I-fuzzy
langluages. By Lemma 5.5, if [Fy C IFy then [FY C [Fy and if 61 C %, then %f - ‘5;. Also,
[F¢f = |F and ¢/¢ = €. Hence the theorem. O
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6 Variety Theorem

In this section we obtain an Eilenberg type variety theorem for [-fuzzy languages.

A class V of finite monoids is called a pseudovariety of monoids if it is closed under finite direct
product, morphic images and subobject.

Let € be a variety of crisp languages, M (L) be the syntactic monoid of L then a variety of finite
monoids €™ = {M(L) | L € €(A*) for some A} is assigned to @. On the other hand, to a variety
of finite monoid .#, a variety .#° = {L is a recognizable language | M (L) € .#} of recognizable
language is assigned. By Eilenberg’s theorem the mappings ¢ — €™ and .# — .4 are mutually
inverse lattice isomorphisms between lattices of all varieties of languages and all varieties of finite
monoids. By this theorem €™¢ = ¢ and .#“" = .#. Here we obtain a mutual isomorphism
between varieties of [-fuzzy languages and varieties of finite monoids.

Let [F be a variety of [-fuzzy languages and

IF™ = {Syn(\) | A € IF(A™), for some A}
be a family of finite monoids.
Lemma 6.1. [F™ is a variety of monoids.

Proof. By Theorem 4.1, [F™ is closed by taking submonoids and homomorphic images. Let M,
and My in [F™, then there exist A1, Ao in [F' such that M; = Syn(A\1) and My = Syn(Az2). By
Theorem 2.2, A\; V A and A1 A A2 are recognizable by the monoid M; x Ms. Also since A1, Ao € [F
and [F is a variety of [-fuzzy languages, A1 V A2 and A\; A Ay are in [F'. Hence M7y x My € [F™. So
[F™ is a variety of finite monoids. O

Let .4 be a variety of finite monoids and for some A
M ={\N€IF(A*) | Syn(\) € .4}
be a family of [-fuzzy languages.

Lemma 6.2. .#7 is a variety of l-fuzzy languages.

Proof. Let A € .4/ then Syn(\) € .#. By Theorem 4.3, ~x=~). So Syn(\) = Syn()). Thus
Syn(\) € .#. Hence A € .#/. Thus .#/ is closed under complement. Similarly using the
Theorems 4.4 and 4.3, we get that .#/ is a variety of I-fuzzy languages. O

Lemma 6.3. Let IF be a variety of l-fuzzy languages, € be a variety of crisp languages and M
be a variety of finite monoids. Then

(i) IFe™ = [F™ and €7™ = €™.
(ii) M= ¢,
(iii) M = 7.

(iv) IF™ = [F°.

(v) €™ =¢€7.

Proof. (i) Let Syn (\) € [F™ then A € IF(A*). Since IF is a variety of I-fuzzy languages, \. €
IF(A*). So A, € [F° for every ¢ € I. By Theorem 4.4, ~\= ﬂ ~x.- So Syn(A) is a subdirect

c€l
product of Syn(\.) for all ¢ € I. Thus Syn(\) € IF™. Hence [F™ C [F°™. We have [F“™ C [F™.

Thus [F™ = [F°". By Lemma 5.5, € = €/°. So €™ = €f°™. But by (i) [F°™ = [F™ Thus
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cm =¢Im.
(ii) Let L C A*, then

Le#f = x,en’
= Syn(xyr) € A
=Le.#°

Thus 47 C a¢. Also #¢ C #¢. Hence #7¢ = a¢.

(iii) By Lemma 5.5, [Ff = F. So .#f = .#f°!. Also by (i) #f¢ = .#°. Thus 4 = .#7.
(iv) By Lemma 5.5, [F = [F*f. So [F™¢ = [Fef™me. By (i), €™ = €/™. Thus [F™¢ = [F°"°. By
Eilenberg’s theorem € = €. Thus [F™¢ = [F*°.

(v) By (iii) 4 = .. So €™/ = €™/. By using Eilenberg’s theorem we get €™/ =¢/. 0O

Now we give Eilenberg type variety theorem for [-fuzzy languages.

Theorem 6.4. The mappings |[F — IF™ and M4 — #7F form two isomorphisms that are inverses
of each other among lattices of all varieties of l-fuzzy languages and all varieties of finite monoids.

Proof. Let [F,lFy,lFy be varieties of I-fuzzy languages and .#,.#1, #> be varieties of finite
monoids. Let .#; C #5 and X\ € //llf(A*) then Syn(\) € 4. So Syn(\) € A>. Thus
A€ Mf(A*). Hence .4 (A*) C .t (A%).

Also let IFy(A*) C IF3(A*) for every A and Syn(\) € [FJ"(A*). Then A € [Fy(A*). So,
A € [F5(A*). Thus Syn (\) € IF}". Hence [F"(A*) CIF"(A*).

By Lemma 6.3, .#f¢ = .#°. By Eilenberg’s theorem, we have .# = .#°™. So M = .#F™.
Also by Lemma 6.3, [F™ = [F™. Thus .4 = .#™.

By Lemma 5.5, [F = [F°/. By Eilenberg’s theorem, €¢ = €. So IF = [F°"/. By Lemma
6.3, #7 = .#'. Hence IF = I[F°™/. Again [F°" = [F™ by Lemma 6.3. So we get [F = [F™/,
Thus A = .#™ and IF = [F™/. Hence the mappings .# — .#f and I[F — [F™ are mutually
inverse lattice isomorphisms between the lattices of all varieties of [-fuzzy languages and all varieties
of finite monoids. O
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