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Abstract. In this paper we discuss some issues related to Poincaré’s inequality for a
special class of weighted Sobolev spaces. A common feature of these spaces is that they
can be naturally associated with differential operators with variable diffusion coefficients
that are not uniformly elliptic. We give a classification of these spaces in the 1-D case
bases on a measure of degeneracy of the corresponding weight coefficient and study their
key properties.
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1. Introduction

In this paper we discuss some issues related to Poincaré’s inequality for a spe-
cial class of weighted Sobolev spaces. A common feature of these spaces is that
they can be naturally associated with differential operators with variable diffusion
coefficients that are not uniformly elliptic, even though they are in general uni-
formly elliptic in compact subsets of the domain, even though they are in general
uniformly elliptic in compact subsets of the space domain, provided that these
subsets are at a positive distance from the the so-called zone of degeneracy. This
degeneracy zone may occur either on a part of the boundary or on a sub-manifold
of the space domain.

Some aspects of this problem with a degeneration at the boundary point 2 = 0
of 1-D domain © = (0,1) have been recently considered by Alabau-Boussouira,
Cannarsa, and Leugering in [1]. In particular, if a € C([0,1]) N C1((0,1]) is a
given weight coefficient with properties

a(x) >0, Vae (0,1 and a(0)=0, (1.1)
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then the authors in [1| propose to measure the degree of degeneracy of the function
a(-) at & = 0 by the parameter p, which is defined as

zld (z)]

g = SUp .
0<z<1 a(m)

Moreover, they propose to use the parameter p, as a main feature for the clas-
sification of the weight functions a : Q@ — R. They say that a function a(-) has
a weak degeneration at x° = 0 if p, € [0,1), and this function is strongly de-
generate if p, > 1. It can be shown that any weakly degenerate functions a(-)
(i.e., 0 < pg < 1) belongs to the class of Muckenhoupt weights A5(2), that is,
w : 2 — Ry belongs to A2(Q) if

(“;'/ wdz) <|113|/ w_ldx) <C < +c0, YBCQ,
B B

and this case of degeneration has received a lot of attention in the literature (see,
for instance, [4,6,9-12,15,16]). At the same time, if p, > 1, then a(-) € A2 and in
this case we can expect to have many new effects related to the solvability issues
of the corresponding boundary value problems and their properties.

It is worth noting that such issues as controllability and observability of the
corresponding degenerate systems are also closely related to the parameter p,. In
particular, it has been shown in [1] for degenerate wave equations of the form

uy — (a(x)ugy), =0 in (0,00) x (0,1)

that their observability and boundary controllability no longer hold true if pg > 2.
The same conclusion can be done for the parabolic case (see, for instance, [2, 3,
7,13]). So, the authors in [1] provide analysis of the above mentioned properties
assuming that p, < 2 and for that they make use of the following weighted Sobolev
spaces

HY Q) = {u € L*(Q)

u is locally absolutely continuous in (0, 1],
Vau, € L*()

with norm

lull s = ( [ Tl @ + ut)?) dx) Y Vue HYQ).

and
Hg’O(Q) = {u e HYQ) : u(l) = 0}.

It is well known that the loss of uniform ellipticity for operators like Au =
— (a(z)uy), raises new questions related to the well-posedness of the correspond-
ing evolution equations in suitable functional spaces as well as new estimates for
the underlying elliptic equations. With that in mind, the authors in [1] have shown
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that the Poincaré’s inequality for elements of weighted Sobolev space H, ;,O(Q) can
be established not only in the case of weakly degenerate weight function a(-), but
also if pu, < 2. In particular, if p, < 2 it has been shown in [1] that

fullzey < iy min {4 5= lulgoy, Vue flo@. (12

At the same time, in problems involving cloaking which, obviously, is incom-
patible with observability, the degeneracy of the coefficients is quadratic [8], and,
hence, in this case we have p, = 2. Therefore, the purpose of this paper is to
study the issues related to the weighted Sobolev space H ;,O(Q) provided the de-
generacy zone of the weight function a(-) is an interior point 2° of the domain
and the measure of degeneracy at this point can be equal to 2 or larger than 2.
As a sub-product of our analysis, we show that the classification of degeneracy
measure of function a(-) essentially depends on the properties of its derivative

< a(m))x. In particular, for the weight functions a € C([0,1]) N C((0,1]) with

properties (1.1), the following assertions hold true

If (Va),'€L®(Q), then u, € [0,2),
If ( a(x)) =const in €, then p, =2,

If (\/a)xELOO(Q) and ( a(x)) # const in Q, then p, > 2.

The paper is organized as follows. In Section 2, we introduce our notations,
define the new degeneracy parameters Aq; and pqi, ¢ = 1,2, and derive some
auxiliary inequalities for the weight function a :  — R. In Section 3, we prove
the Poincaré’s type inequalities for functions in weighted Sobolev space H, ;70(9)
in the case of weakly degenerate weight functions a(-). In particular, we show
that in this case Poincare’s inequality (1.2) can be extended to the following one

lull 2y < [Cr+ Co] ullay), V€ Hag(9), (1.3)

where HiO(Q) = {ue L*Q) : Vau, € L*(Q), w(0) =0}, a(z®) =0, a(z) > 0
for all z € [0,1] \ {2°}, 2% € (0, 1),

Cq = ; min { L 2}
! a(0) \/[2 — max{{1,q, 2A17a}]’ ’

1 . 1
Cy = W [mln { \/[2 = maX{IuQ’a’ 2A2,a}] , 2} + Csop/1 + aQ(l)] R

and parameters A; , and p; 4, ¢ = 1,2, are given by relations (2.2), (2.3), and (2.4),
and satisfy conditions (3.4). We also show in this section that if (\/&);1 € L>(Q)
then max{; q,2A4; .} < 2 and, hence, Poincaré’s inequality (1.3) remains valid.
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In Section 4, we proceed in the study of some key results for functions in
weighted Sobolev space Hj,(€2) provided the weight function a(-) has a large
measure of degeneracy at some interior point z° € (0,1). In other words, our
key assumption in this section is (y/a), € L*(£2). In this case, we show that the
weighted space H ;70(Q) is isomorphic to the following one

Vao(@) = {u € L*(Q) : u(a®) =0, (Vau), € L*(Q)}.

As a result, we derive another type of Poincaré’s inequality for elements of H ;,O(Q)'
Namely, we establish the following relations (see Theorem 4.2)

IVaul| L2 (o) <2[(1+H( Va) || Q)>2HUHH3(Q)7 if (Va), € L(Q)
and

21+ C, . .
HuHLz(Q) < THUHH&(Q), Yu & H;,O(Q), if (v/a(z))y = const in Q.

Moreover, in this case we can not guarantee that elements of the space H, ;’O(Q)
are continuous functions in €2 or even integrable over this domain. Instead we
can assert that the following implication holds true: If u € HiO(Q) and (y/a), €

€T
L>®(Q), then y/a(x)u(x) is an absolutely continuous function in Q = [0, 1].

2. Assumptions and Preliminaries

Let 20 € [0,1] be a given point. We set

0 — 0,29), if 2°>0, 0, — (20,1), if 2% <1,
177 0, if 20=0, 7 "2 0, if 20=1, °

Q=1(0,1), and Qp=0Q\{z° = UQ.

We denote by C§°(R) the locally convex space of all infinitely differentiable
functions with compact support. Following the standard way, we define the Ba-
nach space W01’2(Q;0) as the closure of Ci°(R;0) = {¢ € C§°(R) : ¢(0) =0}
with respect to the norm

1/2
g = ( [ 92 as)
Q

We also set C*(Q) for the Hélder space of those functions on Q having
continuous derivatives up to order k and such that the kth derivative is Hélder
continuous with exponent a € (0,1]. It is well known that C**(Q) is a Banach
space with respect to the norm

(B) () — f(k)
- () |fW () = f(y)|
ooy = Imax su T)|+ su
1 llore @) ogigklﬂeg’f @)l z;ﬁygﬁ |z — y|*

and the embedding C*<(Q) — C*k9(Q) is compact.
Let a: Q — R be a given function with properties
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(i) a(x%) =0 and a(x) > 0 for all z € Q\ {z°};
(ii) a € C(Q)NCL(Q).

In what follows, we associate with the function a : @ — R the following
degenerate elliptic operator

Ay) = = (a(2)yz), - (2.1)

Let G; :  — [0,00), @ = 1,2, be non-decreasing continuous functions such
that G;(0) =0 and

Gi(2° — )l (z)|

) Gi(a* — )| (Va(@) )
a ‘= sup = sup < +00, .
! e \/ a(a:) e 2a($)
Ga(x — 20) a(x) N,
Ag o := sup ’( )x = sup Ga(z = a7)la(z)] < 4o0.  (2.3)

€2 a(l') r€Q2 2(1(1?)

By analogy with [1-3], we also set
0 _ / 40 !
g = sup E =A@ BB )l@] (2.4)
zEM a(z) z€Q a(z)

Example 2.1. As an example of function a : @ — R, with the above indicated
properties (i)—(ii), we can consider the following one (see [5,14]).

—z)%, if z€[0,4] :
( . %)sz’ if zc (%’1]7 with P1,p2 > 0. (25)
Here, 20 = }. It is easy to check that, in this case, properties (i)—(ii) hold true.

Moreover, setting
Gi(z) = kiz and Go(x) = kox, where ki, ky are some positive constants,

we see that
k1 ko

Al,a = Eul,a = Fkip1 and A2,a = 9

In addition, we have the following properties

H2.q = kapa.

(\/a)x € L*™°(Q) if p; and po are greater than 1,

1 1
— e LYQ) provided 0 < py,ps < 7
a

Another example of a weight function a : [0,1] — R, with 20 = % can be

described as follows:

——2 )
a(x) = P ( \$*%|p> if 2 €, with some p > 0. (2.6)
0 if z=3.
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After some calculus, we arrive at

Wl psiga(e - )l - 317,

M1, = M2, = +00,
whereas
Al,a = AQ,a = kp
with G1(z) = Ga(z) = k|z — 3|P*1. It is clear that, in this case, we have

(\/5)36 € L*°(Q) and 2 = exp ( ) ¢ LY Q) Vp>o0.

|z — 3l

Before proceeding further, we list below some simple properties of function
a : {2 — R related to the given characteristics A; , and ji; 4.

Lemma 2.1. Let a: Q0 — R be a given function with properties (i)-(ii). Let A; 4
and i q, © = 1,2, be the values given by relations (2.2), (2.3), and (2.4). Then

a(z) > a(0) (20 — z)m e 24l vy e [0, 2], (2.7)
a(z) > a(1)(z — a%)medhze 2420}y e 29 1] (2.8)

Proof. Since the function G; : @ — [0,00), @ = 1,2, are unknown a priori, we
begin with the case when G;(s) > s for all s € Q. Then the following relations

G (a® — x)|d (2)] (2° —z)|d'(z)] 1
A, = > A7l A WP 2.
Le = SUP e = sup 2a() 5, (2.9)
Ga(x — 2%)[d ()] (z —2%)d (z)] 1
Ao, = su > sup ————————— = —l42.4. 2.10
2, xeglz)? 2a(x) xeg% 2a(x) 2“2’ ( )

are obvious. Therefore, making use of representation (2.4), we get

0 , by (24) by (2.9)
(” —x)d'(x) > —piqa(r) > —2414a(z), YVzeQ.

[\

Integrating this inequality over [0, z],

x al x 1
/ —ds > —2A17a/ ———ds, Vzre€ [0, 20),
0o a 0oz
we obtain
a(z) > a(0)(z® — z)?Me . v e 0,2 (2.11)
Arguing in a similar manner, we have

by (2.10) by (2.3)
(@—2%d(x) < Gaolz—a"d(z)

IN

245 4a(z), V€ [z 1]
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Therefore,

1 a/ 1 1

/ —ds < 2A2,a/ —5ds, Vre (2, 1],
z @ r S—

and, hence,

a(z) > a(1)(z — 2°)*42e . Vaz e [2°,1]. (2.12)

It remains to consider the second case: G;(s) < s for all s € Q. Then
0 _ /
—G1(2 — 2)d (z) > (2 — 2)d/(z) = —wa(x)

a(z)

by (2.4) 0

> —uiga(z), VYzel0z).
From this, after integration over [0, z], we deduce

a(x) > a(0)(z® — z)"ta, V€0, (2.13)

Arguing in a similar manner, we have

x —29)|d (z
Ga(w —a%)a(2) < (z —a")a/(2) < alx) sup (a(fw

= poqa(z), Ve (1]
As a result, by integration over [2°,1],
a(z) > a(l)(x — 2%)H2e, Ve 20 1]. (2.14)
Thus, to conclude the proof, it remains to combine the inequalities (2.11)—(2.12)

and (2.13)-(2.14). O

3. Poincaré Inequality for a Weighted Sobolev Space

We now introduce some weighted Sobolev spaces that are naturally associated
with functions a :  — R satisfying properties (i)—(ii) and with degenerate elliptic
operators like (2.1) (see, for instance, [1,13]). We denote by HL(Q) the following
space of all functions u € L?(f2) such that

HY(Q) ={ue L*(Q) : Vau, € L*()}. (3.1)

It is easy to see that H}(f2) is a Hilbert space with the scalar product

(U, v) 1) = /Q [a(z)u/ (2)0"(z) + u(z)v(z)] do, Yu,ve HN(Q)

and associated norm

ll sy = ( [ Tl @F + uto)?) dx)2 . Vue HQ).
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Moreover, the Sobolev embedding theorem implies that H!(Q) < C(£p), i.e.
each element of H.((2) is a continuous function in Q\ {z°}.
We also introduce the closed subspace H, ;’O(Q) of H}() defined as

Hy () :={uec Hy(Q) : u(0)=0}.

We note that this subspace is correctly defined because the compactness of the
embedding H.(0,¢) C Wy?((0,£);0) — C([0,¢]), for any ¢ € (0,2°). So, if
u € Hj (), then u(:) is a continuous function at z = 0, and, therefore, the
condition u(0) = 0 is consistent.

Let us show that, because of the degeneration of the weight function a : § — R
satisfying properties (i)—(ii), H, o(€?) is a Hilbert space with respect to the scalar
product

(u, 'U>H10(Q) = / a(z)u' (x)v' (z) dx —|—/ u(z)v(z)de, Yu,v € H(Q). (3.2)
“ Q Qo '
To do so, it is enough to establish some version of Poincaré inequality. We begin
with the following observations.

Proposition 3.1. Let a : Q — R be a given function with properties (i)—(ii).
Let A;q and 4, @ = 1,2, be the values given by relations (2.2), (2.3), and (2.4).
Assume that

0 < max{241 o, ft1,a}, max{2A4z 4, pt2,a} < 1. (3.3)

Then each element of H!(£2) is an absolutely continuous function in .

Proof. Let u be an arbitrary element of H1(Q2). As follows from Lemma 2.1,
if assumption (3.3) holds true, then 1/a(z) € L'(Q)). Hence, in view of the
representation

a(x)ug(z), Ve
5 Val), Ve

and the Cauchy-Bunjakovski inequality, we see that the function u/ is summable
over €. Hence, u(-) is absolutely continuous in €2. O

Proposition 3.2. Let a : O — R be a given function with properties (i)-(ii).
Let A; o and 4, 7 = 1,2, be the values given by relations (2.2), (2.3), and (2.4).
Assume that the following conditions

max{2A4; 4,14} <2 and max{2A4s,, 12} <2 (3.4)

hold true. Then
1

< , 3.5
ull 20, < NIRRT PR wll 71 () (3.5)
1
—u(l < . 3.6
Ju —u(1)]|2(0y) < N R T TS [ull 2 () (3.6)
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Proof. Let u be an arbitrary element of H ;70(9). Then, using direct arguments

for any x € [0,2°), we have

Jy e

3

u(z)| =

als

< I (f“)
—= 1 N
Hg () o al(s)
From this and estimate (2.7), by Fubini’s theorem, we obtain
ol < ey [ [
il [ [ ae

S
—d
~ ey [ s

0

by (2-7) 1 T
H ”%{1 ) / (JJO — S)I*max{m,aﬂALa} ds

[NIE

< —_—
a 9 a(0
HUHHI(Q)( O)Q_max{#l,a,QAlya}
a(0) [2 = max{p1,4,241.0}]
a (3.7)

~ a(0) [2 — max{pi 4,241 4}

Arguing in a similar manner, for any = € (2°,1], we have

b L ods 2
lu(z) — u(1)| = / o (s) ds| < ||ull 10 </ a(s)>
Then, estimate (2.7) and Fubini’s theorem yield the following bound
M)meqml//m
nml//m

X
ST =

by (2.8) 1 1
2 _ .0y1-max{u2 4,242}
HuHHé(Q)a(l)/ (s —a") (20,2420} g

HUH%@(Q) (3.8)
~ a(l) 2 — max{u2,4,2424}] '

O
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Proposition 3.3. Let a : Q — R be a given function with properties (i)-(ii). Let
A;q and p;q, 1 = 1,2, be the values given by relations (2.2), (2.3), and (2.4), and
satisfying restrictions (3.4). Then

4 4
L A P L

Proof. We adapt a reasoning here that can be used to prove Hardy’s inequality.
With that in mind, we observe that, for all z € [0, 2], the following transformation

is valid

[ @ == [ x(az ) L2 () da
;(wo —z)u ;/ (3.10)
Hence,
0< /Ox {(xo — $)u/(s) — u(s)r ds
_ [ [(mo —8)? [W/(s)]” + %ﬂ(s) (2" — s)u (s)u(s)} ds

From this, we deduce that

xuzs S xiCO—SQ’U//SZS
/0 <>ds4/0< 2 ()] d

by (3.4) T
YS 4/ (ZL‘O B s)max{QAlya,,ul,a} [U/(S)]2 ds
0

by (2.7) 4

a(O)/O a(s) [W'(s)]” ds.

Taking the limit as z 1 2° in the last relation, we arrive at the estimate

2 2
[ullZ2 () < wHU”H;(Q)- (3.11)

By analogy with the previous case, we make use of the following transformation
which is valid for each x € [29,1].
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Then

0< /xl [(s — 2%/ (s) + %(u(s) — u(l))] 2 ds
= [ [0 W+ o) - u?] as

1
—I-/ (s — %) (u(s) — u(1))u/(s) ds

Since (z — 2°)(u(z) — u(1))? > 0 for all x € [2°, 1], it follows that

1 1
/ (u(s) — u(1))2ds < 4/ (s — 2?2 [/ (s)]? ds

by (3.4) 1
yS 4/ (S_xO)max{2A27a,u2,a} [u/(s)]Q ds
by 28) 4

1
10 \12
a(l)/w a(s) [u'(s)]” ds.

As a result, passing to the limit in the last relation as = | z°, we arrive at the
following inequality

Ju = u(Eaqe < oyl oy (3.13)

Thus, the announced estimate (3.9) is a direct consequence of (3.11) and (3.13).
O

Before proceeding further, we notice that if u is an arbitrary element of the
standard Sobolev space W12(d, 1) with d € (2°,1), then u(-) is an absolutely con-
tinuous function on [d, 1]. Moreover, by Sobolev embedding theorem, the injection
Wh2(d, 1) — C%([d,1]) is continuous and there exists a constant Cgo, > 0 such
that

m{z&i lu(z)| < Csopllullwrz@ry, Vue wt2(d,1). (3.14)
re|d,

Taking this fact into account and fixing an arbitrary element u € H;O(Q) and
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d € (2°,1), we note that u € W'2(d, 1) and

lullfy2ga) = /d1 [UQ(S) + [u’(s)]2] ds
— /dl [u2(5) + a21(8) [a(s)u/(s)}z} ds

1 2
< (1 x5 ) Wl

Utilizing this estimate together with (3.14), we get

by (3.14)
D) <llulleqay < Csobllullwrzg

1
< Csob\/l + e (@) [l 721 o (2)- (3.15)

Since d is an arbitrary point of the interval (z°,1), we can pass to the limit in
(3.15) as d 1 1. As a result, we obtain

1
[u(1)] < Csopy |1+ 200 [ullmy (), Vue H, (). (3.16)

We are now in a position to prove the main result of this section. Namely,
we establish some variant of Poincaré’s (or Friedrich’s) inequality for weighted
Sobolev space H, ;’0 (Q) and derive the conditions when this inequality is consistent.

Theorem 3.1. Let a: 2 — R be a given weight function with properties (i)-(ii).
Let A; o and i q, i = 1,2, be the values given by relations (2.2), (2.3), and (2.4),
and satisfying conditions (3.4). Then

HU||L2(Q) < [C1+ O] HuHH;(Q)v Vu e H&,O(Q% (3.17)

where

1 1
C E— 7
= e { NEETS ) 2}

1 . 1
Ch = 7a(1) [mm { NCELTS YR , 2} + Csopy/1+ a2(1)] .

Proof. By Propositions 3.2 and 3.3, the following estimate

1
2 —max{u2q,2A42,}

1 .
lu —u()] 120, < Wmm { i ]72} ull 1) (3.18)
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holds true for any u € H;’O(Q). Since

[ull20,) < llu = w()]l2(0,) + V1 =20 Ju(1)],
it follows from (3.16) and (3.18) that

lull (o) 1
< ——=—"mi 2
[ullz2(@) < a(1) [mm V2 = max{zq,245,}]
+ Csop/1 4 a?(1) ] (3.19)

To derive the announced Friedrichs inequality (3.17), it remains to utilize relations
(3.5)—(3.6) and (3.9) and combine them with (3.19). O

As an obvious consequence of this theorem, we can give the following conclu-
sion.

Corollary 3.1. Under the assumptions of Theorem 3.1, H;’O(Q) s a Banach
space with respect to the norm

lullng o = | o)) da:)é. (3.20)

However, as it will be shown in the next section, the expression (3.20) can lose
the norm properties in H, CIL,O(Q) if assumptions of Theorem 3.1 are not valid..

The next result is crucial for our further consideration and it reveals an alter-
native way to the substantiation of the Friedrich’s inequality (3.17).

Theorem 3.2. Leta :  — R be a function such that, in addition to the properties
(i)-(i1), it satisfies the following ones

i) there exists subintervals (x¥,2°) C Q1 and (20, 2%) C Qy such that a(-) is
1 2

monotonically decreasing on (x%,2%) and it is a monotonically increasing

function on (0, z3);

(iv) (Va), # const in Q and (\/a);l € L>®(Q).

Then inequalities (3.4) holds true, where A;, and ji;q, © = 1,2, are the values
given by relations (2.2), (2.3), and (2.4).

Proof. Let a: Q — R be a given function with properties (i)—(iv). Setting

and a(z) := ka(z) for all x € Q,
Lo (Q)

we see that the function @ : Q — R possesses all properties (i)—(iv) and the direct
calculations show that

Mia = Hia and Ai@ = Ai,fi? 7 = 1, 2.
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Moreover, in this case, we have

(v3)

-1

x

- v

Lo () ‘LOO(Q) -

Hence, without loss of generality, we can suppose that the function a : Q — R is

such that )
|(va).

As a consequence of this condition, we have

2va@) 2ya(@) (3.22)

sup sup
vef0,20) @' (2)] ve(20,1] 1@’ (2)]

<1 21
’LW(Q) - (3:21)

So, we can suppose that

2v/a(x) <l|d'(z)], Vaz e lx],zh]. (3.23)

Since a(-) is a monotonically decreasing function on (x%,2°) and a(-) is a mono-
tonically increasing function on (2%, 3), it follows from (3.23) that

d(z) < —2v/a(z), Vzelz},z®) and d(z)>2va(z), Vaze (20 ).

Then, after integration, we obtain

20
/ “(s) ds < —2(2° —z), Vaz e [z],2), (3.24)

va(s)

/: ) s> 9m—12%), Va e (2] (3.25)

Va(s)

Taking into account that a(z°) = 0, we deduce from (3.24)—(3.25) that

Va(x) >z —z, Vzelz},2®) and +a(z) >z —2° Ve (2 2l

and, as a consequence, we have

a(z) > (x —2°)?, Ve lz}, 23] (3.26)

Utilizing the monotonicity property of a(-) around the point 2°, we deduce from
(3.26) that there exists a positive value v € (0,2) such that

a(x) =0 (|z —2°*7)  in [z}, 73], (3.27)

that is, a(x) ~ |z — 2°)>77 near the degeneration point 2°. Therefore, in view of
representation (2.4), we have

— 20114’ _ 004/
pig e sup BTN @] el @ o o (3.08)
€M a(x) z€lzt,z0) G’(m)
—_ 20114/ 07

€2 CL(J,‘) z€(z0,x} CL(QZ)
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Since for the functions a : Q — R with property (3.27), we can set G;(z) = z,
i =1,2, it follows from (2.2)—(2.3) and (3.28)—(3.29) that

2Ai,a = Hi,a < 2. (3.30)

It remains to notice that initial assumption (v/a), # Cx = const leads to the
relation

a(x) # C*(x —2%)?  in Q.

As a result, we have: p;, # 2 for ¢ = 1,2. Combining this fact with (3.30), we
arrive at the inequalities (3.4). O

Example 3.1. Let the degenerate weight a : Q — R, be defined by the rule (2.5).

Then
1 p1—1

— —p1<—x> , if 2 €0,1]
( ())x_ p2<21

p2—1

Therefore, conditions (iii)—(iv) are satisfied with 0 < p1,p2 < 1. Hence,
2Ai,a < Hia < 27 1= 1727

and this statement can be approved by the direct calculations. At the same time,
if the weight function a : [0,1] — R is defined as in (2.6), then (\/5);1 ¢ L>(Q)
for any p > 0. In this case, as it is indicated in Example 2.1, we have p; , = +00
fori=1,2.

4. Other Weighted Sobolev Spaces Associated with Degenerate
Weight Functions

We begin this section with the following assumptions on function a : Q — R

Definition 4.1. We say that the function a : @ — R, has a very strong degen-
eration at point z = 2% € Q if

(j) a(z®) =0 and a(z) > 0 for all z € Q\ {2°};
(i) @ € C(Q) N Clor(Q0);
(jjj) there exists subintervals (z%,2°) C Q; and (2%, 23) C Q2 such that a(-) is
x

monotonically decreasing on (x%,2°) and it is a monotonically increasing

0 23%);

(iv) (Va), € L=().

function on (z
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In what follows, we associate with a such function a(-) the following space

Vao(@) = {y € L2(9)  y(0) =0, Vay e Wy (@0} (4.1)

We note that this space is « correctly defined because the compactness of the em-
bedding Wy*(2;0) < C(Q). Indeed, if y € Vo 0(Q) then u = \/ay € Wy*(;0),
and, therefore, u(+) is an absolutely continuous function on Q = [0,1]. Thus, in
u(x)
Noe)

view of (j)-property of a(-), y(z) = ) is a continuous function at x = 0, so
a\xr
the condition y(0) = 0 is consistent.

Proposition 4.1. V, ¢(€) is a Banach space with respect to the norm

1/2
llv,ow = (191220 + 1 (Van), o) -

Proof. Let {yr}ren be a Cauchy sequence in V;0(€2). Then {(vayk)z}ren and
{yr }ren are Cauchy sequences in L?(£2), which is the Banach space. Consequently,
there exist elements y € L?(2) and w € L?(Q) such that

yr — y strongly in L?(9), (4.2)
(vVayy)z — w strongly in L?(€).
Let us show that w = V(y/ay). With that in mind, we set

Vg = ﬁyk, VkeN.
Since vy, € Wol’z(Q; 0), it follows from the definition of the norm Hv||W01’2(Q;O) =
(Jo|V|* d) V2 0 WOI’Q(Q; 0) that {vk}ren is a Cauchy sequence in WOI’Q(Q; 0).
Therefore, in view of the compact embedding Wol’2(Q; 0) < L?(Q), we can sup-
pose that, for some v € W&’Q(Q; 0),
vE — v strongly in W01’2(Q; 0) as k — oo, and
vp — v strongly in L*(€).

Since v/ay € L*(Q) by property (i), it follows that

IVay — vl 2 < IVay — Vaye| 2@ + llve — vl 120
< /llalle@llve = yll2@) + Cllok = vlly12q0) = 0 as k = oo

Thus,

v=+ay in
and this implies the equality

(4.3)

Vg = (\/&y)x by: w.

The fact that the element y(-) has zero trace at x = 0 is a direct consequence of
(4.2) and definition of the space V, o(£2) (4.1). O
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As immediately follows from (4.1) and Proposition 4.1, V, () is a Hilbert
space with respect to the inner product

W1, v2)vi) = W1, 92)120) + (Vay)e, (Vaya)e) 2iq) > V1,92 € Vao ().

It is worth to emphasize that, in general, conditions (j)—(jv), that we postu-
late for the function a : @ — R, do not guarantee fulfillment of the inclusion
Va0(Q) € C(Q) (see Proposition 3.1 for comparison). Indeed, in spite of the fact
that the inclusion y € V, ¢(€2) implies the property ¢ := /ay € C%1/2(0)), we see
that the function y = %gp is absolutely continuous in €2\ {2°} and, therefore,

y(-) can have a gap at z = 2. So, if y € V,o(2), then y € C(Q) provided

lim y(x lim y(x) and sup|y(z)| < +oo. 4.4
Jim y(a) = T yla) and suply(o) (1.4

Our next result concerns the comparison of the weighted space V; ¢(£2) and the
space that H}(2) that has been considered in the previous section. It is clear that,
in general, the spaces H!(Q) and V, () differ from each other. However, due
to (j)—(jv) properties of the weight function a(-), we can establish the following
result.

Theorem 4.1. Let a: Q2 — R be a weight function with properties (j)—(jv). Then
the norms || - |lv,() and || - [|g1(q) are equivalent on HL(Q).

Proof. Let y be an element of H}(£2). Then taking into account the relation

(Vay)z = (Va)zy + Vay, foraa. xzeQ, (4.5)

we see that

112, e < 191y + 21 (V@)at) By + 21V 220
Using the fact that (y/a), € L>(2), we arrive the estimate
I3, o) < max {2,1+ 2] (Va),, [z} 1l ) (4.6)
On the other hand, representation (4.5) implies that

Y1171y < I9llZ2(9) + 201 (V@)an) 1720 + 211 (Vay)z) [ 72q)
< max {2,1+2[| (Va), =@} 197, o0
Hence,
Cr Iyl @) < 19llva o < Crllyll o
with

Cr = (max {2,1+2([(Va), | )})%, (4.7)

and announced equivalence of the norms follows. ]
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The next observations are crucial for our further analysis.

Lemma 4.1. Let a: Q — R be a function with properties (j)—(jv), and let W,(Q)
be a vector space defined as follows

Wo(9) = {y : Q0 = R is measurable and /ay € W(}’Z(Q;O)}.

Then
) 1/2
oo = ( [ [(Van),)* ao) (43)
is the norm on Wy ().

Proof. As it follows from (4.8), the function |||y, ) is subadditive and absolutely

scalable, that is, |||/, () is a seminorm on W,(£2). Let us show that this function
is point-separating, i.e., the condition [ly|ly, ) = O guarantees the following
equalities

y(x) =0 and yy(z)=0 a.e. in Q.

Indeed, if for some y € W,(2) we have |yllw,) = 0, then the Friedrich’s in-
equality

2
Vel < Cr [ |(Van), [ da (49)
ensures the validity of the relation
IVayll 2y = 0. (4.10)

Hence, in view of the properties (j)—(jj) of function a(-), we deduce from (4.10)
that
y(r) =0 a.e. in Q. (4.11)

Taking this fact into account, we obtain

0= IVapliam = [ [(Vay),] do (4.12)
:/Sz[(\/a)xy—i—\/&yx]? dlel—l—lg—i—/ﬂayidx, (4.13)
where
0<|n|= ' /Q (V)2 y? dz| < || (Va), Py 032y = 0,

0<|L]= '2/9\/5(\/5),,33/% dz| < 2|l (Va), | Lo @IV ayzl L2 1yl 12

(4.5)
< 2| (Va), @yl r2) (1(Vay)all L2y + | (Va), e @) vl 2@)
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Hence, in view of representation (4.12), we deduce

/ ay? dx = 0.
Q

Since a(-) vanishes at a single point z = 2%, we finally have y,(x) = 0 a.e. in Q.

As for the Friedrich’s inequality (4.9), we notice that in view of the following
estimate

1
2 = |\ — ’LLzl‘ 1— xr — uu X
/Quda:—( Du?(x)| 2/0( 1)uug d

2 b2
by inequality —cb < ) + )
2 1 2 ! 2 92
< —u(0)+ 5 [ u dr+2 (x —1)%ug dx
2 /g 0

1 1
§u2(0)+/u2dx+2/ u? dz,
2 Ja 0
we see that .
/qux §4/ uZde, Yuc W01’2(Q;0). (4.14)
Q 0

Hence, the constant Cr in (4.9) is equal to 4. O

Lemma 4.2. Let a : Q — R be a function with properties (j)—(jv). Then the
injection W01’2(Q; 0) — W,(9) is continuous.

Proof. Let u be an element of the standard Sobolev space VVO1 2(€;0). Then

fulfraoy = [ [(Vau), [P do <2 [ [(Va)2el +id] da

by (jv)-property
<

2 (11 (Va),, I ey Il + lalloo e 2o |

by Friedrich’s inequality

< 2 (1| (Va), [y Cr + lallog@y ) Nl a2 -
The proof is complete. O
Taking this result into account, we make use of the following Banach space
Va,0(€) = closure ., o {p € Cg°(R) : ¢(0) =0},
which is a Hilbert space with respect to the inner product
<y17 y?)i}a’o(Q) = ((\/ayl)ma (\/ayQ)m)LQ(Q) ) vyla Y2 € Va,O(Q)'
It is clear now that

by Theorem 4.1
H, 0(2) =

Va,O(Q) - ‘7@70(9) N LQ(Q)' (4'15)

Utilizing this representation, Theorem 4.1, and the Friedrich’s inequality (4.9)
with Cr = 4 (see (4.14)), we can give the following conclusion.
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Theorem 4.2. Let a: Q — R be a function with properties (j)—(jv). Then

1
IVaul|z2(q) < 2[(Vau)a||r2@) < 2V2 (1 + | (ﬁ)xHLm(Q)> “ullgi), (4.16)
for all elements u € Hé’O(Q),

Proof. Let y € H&,O(Q) be an arbitrary element. Then y € Val,o(Q) by Theo-

rem 4.1, and hence y/ay € Wol’Q(Q; 0). As a result, utilizing inequalities (4.9) and
(4.6), we obtain

IVayl 2 < 20(Vay)ell r2) < 2Wllvi) < 2CH Yl H1(0)-
It remains to take into account the representation (4.7). O

Returning to representation (4.15), we make use of the following observations.
If a : Q — R is a function satisfying the properties (j)—(jv), then the equality
1
u() = ——— [ (Va@u(@)) - va@)u ()]
(Va(z))s z

holds true for all u € H, C%70(9) and z € Q\ {2°}. Therefore,

1
[ull 20y < aN . I(Vaw)ll 120y + Vvl 2]
1
< V) ( )[||U!\v;(ﬂ)+HU||Hg(Q)]
2 |l oo (0
1
<

1+C w|| g1 .
Va). LOO(Q)( w)) w1 o)

However, in view of the properties (j)—(jv), this estimate becomes consistent if
only
(vVa(z))y = const in Q.

This motivates us to the following conclusion.

Proposition 4.2. Let a : Q — R be a weight function which is defined as follows
a(z) = C%(xz — 2?2, VzeQ=(0,1),

where C, > 0 is a given constant. Then

1+C 21+ Cy
lulz@ < —5 lullme) < =g lullmy@). Vue Hyo(@),  (417)

1/2
and (/ (x — 2°)%u2 dm) is an equivalent norm to the standard one in Hy (€2).
Q
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In conclusion, we would like to emphasize the following fact: If the weight
function a(-) satisfies properties (j)-(jv), then the elements of the space H, ()
are not necessary continuous functions ( see Proposition 3.1 for comparison).

Ezample 4.1. Let 2° = 0.5. Setting a(z) = |x — 2°*, we see that properties
(7)—(jv) hold true. We define the following functions

¢ — 2 ~% — 2075, if x € (0,29),
y(z) = 0‘% u(z) = va(z)y(z), Ve

|z — if e (z91),

Then, in spite of the fact that the function y : €2 — R has a discontinuity of
the second kind at z° = %, the direct calculations show that (y/a), € L>(9Q),
u € Wo(2), and y € V,0(2). Hence, y € H;yO(Q) by Theorem 4.1. At the same

time, u(x) = y/a(z) y(z) is the absolutely continuous function in .

I
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Fig. 4.1. Plots of functions y(x) and u(x)
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