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1. Introduction to the solver

Following [1,2], we consider the well known Dirichlet problem for the Laplace
equation in a disk of radius c centered at point x in the plane R? parameterized
by cartesian orthogonal coordinates = (21, z5)

Aju(x) =0, x € B(x)) = {z: |& — zo|* <},
(1.1)

u(z) =Q (x), x € S (xy) = {x: \w—w0|2:cz},

m

where the boundary function is a polynomial of degree m

Q)= Y aygaia], (1.2)

p+9=0

p,q € Z\Z_, a,, € R, and prime means that the domain of definition of @,,(x)
is restricted to S2(x).

The above problem is known [3] to have a unique solution, and the solution
is evidently to be a polynomial U,,(x) of degree m.

In [1] we proved the following
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Proposition 1.1. The solution to the Dirichlet problem (1.1) admits the follow-
ing representation

w@) = Uy (®) = Fy(x) Py o(®) + @ (), (1.3)

where Fy(x) is the polynomial of degree 2 specifying the boundary of the disk:
Fy(x) = — |x —xy|*> =0, and P,,_,(x) is a uniquely determined polynomial of
degree m — 2.

The way of proving proposition 1.1 was based on the Fourier method. Then,
in [2] we gave an other proof based on the Poisson integral formula for the solution.
Representation (1.3) was illustrated in [1] by numerous examples where ¢, x,
and P, (x) were changed: first, we obtained solutions to (1.1) using the Fourier
method and, second, showed representation (1.3) to hold by dividing polynomial
solution U,,(x) by polynomial F,(x) with remainder @,,(x). From this some
shrewd readers of [1] concluded that the method we used to prove representa-
tion (1.3) gives no explicit formula for polynomial P, ,(x). Hence, in the current
study we derive the proper explicit formulas for polynomial P, _,(x) literally
following [1].

The article is arranged as follows.

As in [1], we apply the direct transformation of independent variables x — y:
x = y + x;, and replace the original Dirichlet problem (1.1) with the following
derived one

{Ayw(y) =0, y € B2(0),
(1.4)

w(y) =R,(y),  yeS0),
where the disk is centered at the origin of cartesian coordinates y = (y;,Ys),

w(y) = u(y + x;), and

R, (y) = Qn(y + xo) = Z b ys= > by R,(y).  (L5)

p+q=0 p+q=0

Representation (1.3) for the solution to the derived Dirichlet problem reads

w(y) =W, (y) = Go(y) S, —2(y) + R, (y), (1.6)

where Gy(y) 1= Fy(y +20) = ¢ = [y|*, S, _5(y) := Pp_a(y + ).
Then, in Section 2 we consider the contributions

W) = Gs(y) S, ,(y) + Ry, ,(y) (1.7)

p.q
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of the monomials R,  (y) = v} yd of the boundary polynomial R,,(y) (1.5) to
the solution W, (y) (1.6), where

W)= > W,,(v), (1.8)
p+q=0
SmfZ(y) = Z bp,q Sp,q(y)7 (19)
p+g=0
W, ,(y) and S, ,(y) are polynomials of degree p + g and p + g — 2 respectively.

To find the polynomials an(y) we use the Fourier method. For representa-
tion (1.3) for the solution to the original Dirichlet problem to be obtained one
should apply the inverse transformation of independent variables y — x:y =
T — x.

In Section 3 we illustrate the resulted explicit formulas of Section 2 for S, ,(y)
by numerous examples.

In Section 4 we show how to simplify the resulted explicit formulas for S, ,(y)
and eventually how to find polynomial S, _,(y) not treating the monomials R, ,(y)
separately.

In Section 5 we give supplementary data for readers to check propositions of
Section 4.

In Section 6 we discuss briefly some other methods to find polynomials S, ,(y).

In Section 7 we show in what way other methods could help us obtain poly-
nomials S, ,(y).

2. The Fourier method to find S, (y)

Before applying the well known Fourier method [3] to derive explicit formu-
las for representation (1.6), we give a brief description of the method to clarify
the main idea we utilized in [1].

Let a boundary monomial R];q (p+q > 3 and is odd) to have the following
Fourier series (possible cases are presented in Tbl. 1 at p. 83)

P+g—1
Ry () = cPT0 Y " ag,qcos[(2u+1) ¢,
n=0

then extension of the boundary monomial to disk B2(0) is evidently to be

ptq—1

2
Ry () =rP" " ay,, 5 cos[(2u+ 1) @],
pn=0

and the solution to the Dirichlet problem is as follows
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ptg—1

ptg=l
o r\ 2u+1
Wp,q(rﬂ QD) = Cp+q Z (E) a?,u,—‘,—l cos [(2,& + 1) 90] )
n=0

where the circle over the function name indicates changing cartesian coordinates
to polar ones: y; =1 cos, Yy =rsiny.
Then we transform the solution identically as

Wp,q (T7 (p) = Wp7q (T7 (70) - Rp,q (T‘, (10) + Rp,q(ra 90)
P+gfl
r 2u+1 o
= Z [cerq <E) — rp+‘1] @gy11 COS [(2u+1)p] + Rp’q(r, ©)
pn=1

and manipulate the expression in brackets algebraically (provided 2u+1 < p+gq
and 5 < p+q)

r\2ut+1 o
oPHa (,) _ P — opha—2u—1 201 _ kg
C

— oPta=2p=1,2u41 _ Lptq=2p—1 . 2pu+1
— 742,u+1 (cp+q72,u71 . 7,p+q72,u71)

— p2putl (02 - 7“2) Ap+q—2u—3(c’ ),

where homogeneous in ¢ and r polynomials are defined as

1, k=0,
Ay (cyr) :{ (2.1)

2R PR o 2R 2k , k>1.

Eventually we obtain the required representation as

ptg—1 __
5 1

Wp,q (T7 90) = (62 - TQ) Z a’2,u+1 Ap+q72,uf3(cv T) T2#+1 COs [(2/1’ + 1) 90] + ‘ép,q (T7 90)
pn=1

ptq—1 __
5 1

= (62 - TQ) Z a2,u+1 Ap+q—2p,—3(ca T) H2p,+1,1 (Ta 90) + Rp,q (Tv QD) ’
pn=1

where first there appear harmonic polynomials [§]

ﬁlkjl(r, ) = r* cos ko, I;Tkg(r, ) = r* sin ke . (2.2)
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To obtain the Fourier series of boundary monomials R, , we use well known
formulas [4] for powers of trigonometric functions cos and sin in terms of these

functions of multiples of the argument

( p—1

T
cost p = o1 Z C) cosp,,,
pn=0
s (2.3)
. q 1 & v o aly,
sin @zﬁz Cy sinp, (=1)z 77,
v=0
when p and ¢ are odd integers, and
p_1
1 2 1
cos? p = ﬁcﬁ + T Z Cy cosp,,
p=0
- (2.4)
ind 1 3 1§ gt +
sin p = ECQ + 2‘17*12 Cj cosp, (—1)277,
v=0

whenpand g are evenintegers; and ¢, :=p, ¢ = (p — 2u) ¢, v, = ¢, = (¢ —
27) ¢, and formulas

{2 COS 1 COS Py = €OS (1 — Pa) + cos (1 + ), 25)

2 sin g cos py = sin (1 — py) + sin (¢ + @q) -

To transform harmonic polynomials (2.2) to cartesian variables we use well
known formulas [4] for trigonometric functions cos and sin of multiples of the argu-
ment in terms of powers of these functions (for p, ¢ being odd and even respec-
tively)

( p—1
2
Cospp = Z(—l)“ Cg“ cosP 2 o sin? ¢
n=0

(2.6)

a-1
2
sinqp = E (—=1)7 C’g”“ cos? 271 o sin? L
\ v=0



72 V.L. Borsch, I. E. Platonova

;

[N]4S)

cospp = Z ) CQ“ cosP 2 ¢ sin?! ¢

sinqp = E C‘ZA’J“1 cos? 71 o sin? T .

2.1. Trivial cases

We call trivial those cases when the boundary monomials are harmonic ones
of degree 1 and 2: a)p=1,¢=0;b)p=0,¢g=1;¢)p=1,qg =1 Then
polynomials S} (, Sp; and S} ; are evidently to equal zero identically.

2.2. Other missing cases

Other missing cases are as follows: a) p > 3 is odd and ¢ = 0; b) p = 0 and
g>1lisodd;c)p>2iseven and ¢ =0; d) p =0 and g > 2 is even. They are
thoroughly studied or discussed in [1].

23.p>lisoddand ¢g>1isodd, p+¢q >4

First we find the Fourier series for the given boundary monomial restricted

to S%(0)

é;,q(go) = cPcosPp c?sinfp

-1
chta a1 )
= i ZOMCM > Csneg,
v=0
chta 2 1 )
~ optq—1 Z Z R Cp Cg sin(e, +¢,,)
pn=0~vy=0
cPhta N = ’ )
2p+q optq—1 Z Z 7Oy O sin(py, —¢,) -
pn=0~vy=0

Then we extend the boundary monomial to B2(0)

2
. rPta

1 .
Rp,q(r’ = 9ptq-1 Z Z B Gy ¢f sm(gpv + Sou)
pn=0~vy=0
rpt+a N =
+ .
2p+q op+q—1 Z Z ! Cg Cg s1n(<p7 o 90/1) ’

pn=0~=0
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set up the solution to the Dirichlet problem following the Fourier method and
apply the identical transformation discussed in Section 2

° 1 q~+Pp, .

W, ¢) = opta- 122 R Cp Cq [Cp+q (C) B Terq} sin(, 1)
©=0~vy=0
——

p+v>0
p 1 q 1
=1 7\ 4y —Pu
iy + v +q| o
g ST gy [ere (5 = sinte, )
u=0~=0
N——
Pu<dy
p—1 g—1
1 2 2 4 —p
L ptq voos p+q
~ g S ey e (1) et i, )
©=0~vy=0
——

Pu>4y

+ R, (1 0),

where the following auxiliary notation is used: ¢, = @, + @, O\ ), = P — P,
(P/J/_’y - (pl"/ B Qp’y ) . . . . .

After some algebraic manipulations discussed and explained in Section 2 we present
the polynomial S, , in polar variables separately

p 1 q 1
1 1 .
opta-lg Z Z TVCECY Ay oo, ) TP sin(, 4 p,,) @)
pn=0~v=0
N——
p+v>0
p—1 g—1
2 2

YN DT HCECY Ay oler) B Pisin (g, p,) @)
pu=0~=0
P, <q,
p—1l g—1
S OS D) T ICECY Ay oler) P sin (p,— ;) ]
pn=0~vy=0

Pu>dy

Transforming independent variables from cartesian to polar ones we eventually
find polynomial S, ,
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p 1 q 1
1
2re Spa ZZ RS Cp Cq 4 2(pt+y)— ¢ lyl) A, p+q— Q(M)?(y)
0~v=0
&=
pu+y>0
p 1 q 1
1
+
+ ZZ WCIA; CJA 2(p+y—p)— a(c:[yl) H, q- p—Q(W—M)J(y)
p=0~=0
Pu<dy
p—1l g—1
2 2

a=1
- ZZ(_1> > Cp Cf Ay 2(q+p—y ole |yl) H p—aq—2(p— “/)Q(y)

u=0~=0
——

(2.8)

24.p>1lisodd and ¢ >2iseven, p+q >3

We again start considering new case with finding the Fourier series for the given
boundary monomial restricted to S2(0)

]%;7q(¢) = cPcosPy csintp

| = I TR T
= cPta o1 Z C)cosp, 5 Ci + 201 (=1)277 Oy sing,
=0 v=0
p—l
cPta
3 0
ol Y cpes,
cPte S Tty o oy
2p+q opta—1 Z Z Cp Cf cos(p, +¢,)
n=0 ~v=0
cbta 'y 41
Jr
T opre1 Z Z 7 G O cos(p, = ¢,) -
pn=0 ~v=0

Then as usually we extend the boundary monomial to the disk
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-1
5 rPta g 7 .
Ry g(9) = g G 2_ Cp cos gy,
p=0
p=14g_4
Tp.l,_q 2 2 g+
T opre-1 Z Z(_1)2 TGy O cos(py, +¢,)
pn=0 ~v=0
+ % %_1
rpta q
+ op+q—1 Z Z(_l)fw &g COS("DM %) )
pn=0 y=0

set up the solution to the problem and implement the identical transformation as
follows

p—1

: 1 £ A T\P
W, (1 0) = opra T C¢ ZCZ‘,‘ [c”” <E> " rp+q] cos @,
n=0

1 % %_1 q r\ 4~ TP
q vy M
+ g L DTG |t (£)T e cost)

c
pu=0~v=0
N’

p+y>0

p—1 g

p=la g
1 2.2 q 7\ 4y—P
+ g LD ern (1) o conte, )
pn=0 v=0

p—1 g

1
1 2. 3 q T\ % Pu
+ opre1 E (-1t e ey [cp+q (E) — rp+q] cos(¢,—)
pu=0~vy=0
——

Pu>ay

o

+ R, (1,0).

Now the polynomial S, , has been ready to be presented in polar variables
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p—1
2
1 & g
PG, (r0) = CF D Cf Agyauale,r) 170 cosp,p
u=0

= Z Z gl Cp Cq Ag(in)—alesr) rPrty cos (P +ay) ]
p=0~y=0

pty>0

2
+ZZ(_ HC”CVA 2py—p)—2(C: 1) r P cos[(g, —p,,) #]
=0 ~v=0
&=

Pu<dy

+ Z Z A Cp Cf Ag(grpu—y)—2(c;r) P cos[(p, — q,) ¢
pu=0~v=0

Pu>0y
and finally in cartesian ones

p—1

q
opt+a—1 Sp’q(y) =C¢ Z Cff Aq+2u—2( lyl) H, p— 2#,1(y)
pn=0

2
q
=2 D (CDFCECT Ay o6 1Y) Hypg (i1 (8)

p=0~v=0
N——
p+y>0

p—l

+ZZ e Cp CJ Ay 2(p+y—p)— 2(e yl) H a— pﬁ(%u),l(y)

p=0~v=0

Pu<dqy

2
q
+ZZ(_1)2+70503A 2(qtp—)— 2(c |yl) 1 p—q—2(p— v)l(y)‘
=0 =0
==

Pu>ay

(2.9)
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25.p>2isevenand ¢ > 1lisodd, p+¢=>3

The Fourier series for the boundary monomial

]D%é’q(go) = cP cosPy c?sindp

7

1 2 1 g1 .
=P = COp +cmﬁ cos @, 9¢—1 Z(_l) 2 Oy sing,

op

pra 2 -1
= 2;_?0},2 Z:(—l)qT*'7 7 sing,

v=0
cPta 5l 1
+ .
== Z 1Oy O sin(p, + )
pn=0 ~v=0
cpta 51 a1y
Y OR O g _
T opra-1 Z Z Cp Cg sin(py = ¢,)
pn=0 y=0

is uniquely extended to the disk as the following function of polar variables

—1

S}

> 'I"p+q % 2 E+ .
R, (r¢) = pra—1 Cp Z(_l) 2 7 CYsin ©
=0

p_q4a=t
2
rpta

g1 .
2p+q Z Z(*l)qQ OOy sin(e, + ¢y)

D_ ;

rptqa 2 =
+ .
+ e ZZ 7O CYsin(p, — @) -
pn=0 ~v=0

Then the solution to the problem is set up as follows
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g—1
. 1 d a1 7\ % .
W, 41 0) = St C’2 Z(—l) ey [c’”‘q (E) — P singp,
v=0
Byl
1 7\ 9y Py .
2p+q optq—1 Z Z e et [Cp+q (E) - Tp+q] sin(¢4,,)
pn=0~v=0
——
p+y>0
,,1 ‘1
9y —Pp .
2p+q - Z Z a1y cr [Cerq (C> _ Tp+f1:| sin(,,_,,)
p#=0~v=0
-1t

1+ + T\Pp—q + .
- e e e (2)7" = sing, )

p#=0~vy=0
N——
Pu>qy

o

+ Ry, (1,9)

from where the required polynomial is obtained in polar

p+q—1 § 5 Ly vy 0 o
2 Sp’q<7"a (P) = Cp Z(—l) 2 Cq Ap+2772(c7 7”‘)7”‘ Y Slnqvgo

,,1 q*

1 .
+ Z Z 2O O Ag(uy oo ) P sin[(p, + ;) )
=0 ~y=0

p+v>0
21951

+ 3N )T CECY Ay ale ) T Pusin(g, — p,) @)
=0 v=0
Pu<Gy

SN )T TICECT Ay sler) TP sin(p, — a,) ¢
1=0 y=0

Pu>dy

and then in cartesian variables
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LS, () = Cp D) T CF Ay ole yl) Hy o (9)
D,q P q Ap+2y—2\G Y q—2v,1\Y
¥=0

p_q149=1
71755

gq—1
2.2 DT O Ay ol 18D Hy g 2 ()
pn=0 ~v=0

p+v>0

p_q1a9-1
a=1
T Z Z(_l) = Cp G4 A2(p+'yfu)72(c’ [yl) qupr(%u)Q(y)

pn=0 =0
P, <qy
iy
n Z Z(_l) 200y A2(q+u—7)—2(c’ [yl) Hp—q—Z(u—v)ﬂ(y) ‘
pn=0 y=0
Pu>dy
(2.10)
26.p>2isevenand g >2iseven, p+q >4
Using the Fourier series for the boundary monomial
}C’%Z',’q(go) = cPcosPp csinfyp
i1 i1 &
_ oDra| 2P 1 Cq gy vy o
=c op T 51 ZCP cosgy | S+ 5 (=1)277 ] singp,
p= =
Cp-i-q g %
+ or+q Cp Cg
cPte a 571 cPta » iy N
+ W Cq Z C;)L COS(QO#) + W Cp ( ]_)2 gl Cg COS(QO,V)
n=0 ~v=0
p*l q*l
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and not extending it explicitly to the disk set up the solution to the problem in
polar variables and implement the identical transformation

P_19_ 71
. 1 1 » ¢ 2.2
Wy q(r,9) = opte—1 | 9 Cp Cf + Z Z(_l)%—m &g [Cp+q - Tp+q}
pn=0 v=0
PL=4
T,
+q (T)Pr +
+ T ZC’I’)‘ [cp a (E> —r? q] Cos @,
pn=0
41
1 : q 7\ 9y
+ opra (12t Cy [cp+q (E) - rp+q} cos @,
y=
R .
- N v oo | apra (TP bt
T opreni Z Z( 127Gy ¢y [C (C> r COS Pty
pn=0 v=0
p+y>0
P_19_71
I Ly ooy | opta (T PR p+q
+ WZ Z(_1)2 Cp Cq ¢ (E) -r COSPry—n
pn=0 v=0
Pu<d,
P_149_9
1 3 E g+ + T pu_q'y +
gt 2 SR oy [ (1) e cong
pn=0 ~v=0
———
Pu>4,
+ Rp,q(rv SO)

This case needs much more work compared to previous cases, and eventually
we obtain the polynomial S, , in polar variables
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P_19_1
L 1 2 a2 q
IS q(r0) = | 57 O 4D D (CDFT GO | Apgalr)
pn=0 v=0
——
Pu=q
£-1
+ D Ch Ay a(r) P cos (p,p)
n=0

-1
2
q
+ Y (=121 Ayyayo(r) T cos (a,¢)
v=0

p q
P_14-1

- Z Z(_l)%ﬂ Cp Cq Az —2(7) r P cos [(Py + 4,) ¢]
=0 7=0
-
pt+v>0

p q
141

+ Z Z(_n%ﬂ Cp Of Agsn—py—a(r) rhPrcos (g = py) ¢
—0 4=0
&=
Pu<dy

p q
141

+ Z Z(_l)%juy C;: Ct’] A2(q+y—’y)—2(7‘) rPr=h cos [(pp, - q'y) SO] :
pn=0 v=0

PL>dy

Transforming the polynomial S, , to cartesian variables is quite routine to
obtain
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P_14_1
TS, (y) = %C Ch+ 3 S0 r ey | Ay o)
u=0 yv=0
Pu=0y
2
+ 0 CF Ao oY) Hy 01 (9)
u=0

%71
q
+ Y (=121 CY Ao oY) Hy—oe1 (w)
¥=0

p_19-1
+ YD (=DETCECT Ay oY) Hyy g o1 ()
=0 =0
p+v>0
p_19-1
+ Z Z(_l)%ﬂ e A2(p+’y—,u)—2(|y‘) Hq—p—Q('y—,u),l(y)
=0 =0
Pu<dy
B_14-1
+ Z Z(il)%Jw CIPJL C;/ A2(q+u—7)—2(|y‘) Hp—q—2(u—v)71(y) )
pn=0 v=0

Pu>qy
(2.11)

3. Examples on the Fourier method to find S, ,(y)

Here and below we consider the Dirichlet problem (1.1), where &, =0, hence,
all the resulted formulas, namely (2.8) —(2.11), are valid when formally replacing
variables y with @. For readers interested in deriving the explicit formulas for
the coefficients of polynomials S, , we place in Table 1 the Fourier series of all
the boundary monomials ]—o%,q. The resulted polynomials S, , are placed in Ta-
ble 2 and could attract attention of shrewd readers by very high level of packing
the independent variables.

For example, the polynomial Sy is written (in Table 2) using 3 non-zero
coefficients (essential, or primary), but admits the following partial expanding
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Table 1. The Fourier series of boundary monomials R;,q(ga)

The Fourier series

10

11

12

13

14

o 35 21 7 1
Ré,o = +@c7cosg0—|— 8—407cos3g0—|— 6—407008590—}— 6—467008790

o 35 21 7 1
R6’7 = —c7sing0 — —C7Sin3<p + —c7sin5<p-|- —C7Sin7sp

+64 84 64 64

. 35 7 7 1 1
Ré,o = +ES 08+E08005290—{—5080084904—1—6080086@—}—mcscos&p
. 35 7 7 1 1
Ré,o = +ES CS—ECSCOSQQD—{—ECSCOSZIQO—T608C086g0+m68(3088<p
o 3 1
R§’3 = —|—3—2 S sin 20 — 32 8 sin 60

. 3 3 1 1
Ré,4 = +67467COSSD_ 6—407005&0— 6—407008590—}— 6—46700874,0
}OZ' :—|—ic7sing0—|—ic7sin3<p—ic7sin5<p—ic7sin7g0

437 T 64 64 64 64
R} :—|—icg—icgcos4gp—|—icégcos&p

44 128 32 128
R! :+icssin2<p—icssin4go—icgsin(ﬁgp—i—icgsin&p

35 651 614 614 1%8
10%5;3 = —i—@ Asin2p + o1 Asindyp — ol A sin6p — 3 ASsin 8y

. 3 1 3 1
Réﬁ = —i—@cgcosgo— ﬁcgcos?xp—l- %cgcosﬂp— ﬁcgcos&p

o 3 1 3 1
Ré73 = +1728 cgsingo—i— ﬁcgsini’)gp — %cgsinﬂp — %cgsin&p

. 5 5 1
Ré75 = +2756 ct0sin 2 — BT !Vsin 6 + 512 c!9sin 104
10%6' 6 =+ > ct? — 15 c'? cos 4o + c*? cos 8p — ! ¢'? cos 12¢
’ 1024 2048 1024 2048

911 S =10 (Clo + Sl + Sl + Azlf + Azl + ‘wllo)
- 15 <c6 + ctxl? + Azt + ZL'|6) (x‘ll — 62323 + x%) (3.1)

+ 6 <62 + ]m|2> (m? — 282822 + 70 22y — 28 232§ + ajg) .

Fully expanded polynomial S ¢ is given in Table 4.
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Table 2. Polynomials S, ,(x) (arguments (c, |x|) of the homogeneous polynomials A and
argument (x) of the harmonic polynomials H are not shown for brevity; '# of terms‘ in

the last column refers to fully expanded polynomials, see Table 4 in Section 7)

No Sp.q() # of terms
1| 208, =+4354,H, +214,Hs + TAyHj, 6
2| 208, =+43bAH, 5 — 214,Hy 5 + TAgH; , 6
3| 27Sgg=+35AgH, | +56A,H, | +28A,H, | +8A,Hy 10
4| 27Syg = +35AgH,, —56A,Hy | +284,H, | — 8AyH 10
5| 2°835=+34,H,, 3
6| 2083, =+43A,H,, —3A,Hs, — AgHj, 5
7| 208,35 =43A4,H, 5+ 3AyHs 4 — AgHs 5
8| 278,y =+434¢H,, —44,H,, 10
9| 27835 =+6A,Hy, —24,H, 5 — 243Hy , 6

10 | 27855 =+6A,Hyy +2A,H,y — 240Hg 6

11| 28854 =+46A4gH, , —8A Hs, +34A0H,, 10

12 | 28853 =+6AgH, o+ 8A,Hsy — 3AgH; 10

13 | 2°855 =41046H, 5 — 5A,Hg 10

14 | 2" Sg o = +10A4,0Hy ; — 1546H, | + 6AyHg 21

4. Some improvements to find Sp,q(y)

From the explicit formulas (2.8) - (2.11) derived in Section 2 and the exam-
ples considered in Section 3 one could deduce that the contribution of a mono-
mial R, ,(y) to the resulted polynomial S, 5(y) (1.9) is given as

p+q 1
2p+q ! S ZAQp ‘y‘ (a2p Hp+q7272p,1(y) +U2p Hp+q72f2p,2(y)> 9 (41)
when p + ¢ is odd, and as

P‘HI —1

2p+q ! S Z A2p ‘y‘ (042,0 Hp+q72f2p,1(y)+a2p Hp+q72f2p,2(’y)> 9 (42)
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when p + ¢ is even, where the coefficients oy, 05, are fully determined by the Fou-
rier series of the monomial R, ,(y) through formulas (2.8)—(2.11).
We show here how to simplify the computation of the coeflicients oy, 05,

Proposition 4.1. The Fourier series of the Laplacian of a monomial R, , (y),i.e.

function Ay R, ,(y) restricted to S%(0), fully determines (the coefficients av, 00 T2
of) the polynomial S, ,(y).

Proof. First, we derive a partial differential equation the polynomial Spﬂ(y) satis-
fies. For this we substitute representation (1.7) into the differential equation of
the problem (1.4)

Ay((c2 —~lyl*) Sp,q) =—AyR,, (4.3)
to obtain
oS a8
(=) AySyy =4 =22+ yy =22+ S, | =—AyR,, (4.4)
bl 8y1 8y2 H bl

a degenerate elliptic linear partial differential equation with variable coefficients.
Second, when |y| — ¢, the higher order terms of (4.4) vanish, and we obtain
the following Robin boundary condition

aé (T7 80) S
4 <7" 7p’gr + Sp’q(r, cp))

written in polar variables.

Third, substituting representation (4.1) or (4.2) for the polynomial S, ,(y) on
the left-hand side of the boundary condition (4.5) we obtain a trigonometric poly-
nomial, whereas the right-hand side of (4.5) is easily reduced due to formulas (..)
to the Fourier series of function Ay R,  (y) restricted to S2(0).

Comparing the respective coefficients of both trigonometric polynomials we
easily find simple algebraic relations between the unknown coefficients of the poly-
nomial S, ,(y) and the Fourier series of function Ay R, (y) restricted to S%(0).
For the sake of brevity we do not derive here the proper relations and leave

this derivation to shrewd readers. O

=) ‘ép,q(r’ ©) ‘T:c ; (4.5)

r=c

Since the Dirichlet problem (1.4) is linear it immediately follows from propo-
sition 4.1 the following

Proposition 4.2. The Fourier series of the Laplacian of the boundary polynomi-
al R,,(y), i.e. function A R, (y) restricted to S%(0), fully determines the poly-
nomial S,,_,(y).
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va(Y)

5. Examples on improvements to find S

For readers interested in deriving the explicit formulas for the coefficients
of polynomials S, ,(y) we place in Table 3 the Fourier series of the Laplacians of
monomials R, ., Where the monomials R, , are the same as in Table 1. The Fourier
series in Table 3 supplemented with the boundary condition (4.5) fully determine
the polynomials S, , in Table 2.

Table 3. The Fourier series of functions AR, ,(z) restricted to S-(0)

No The Fourier series
105 105 21
1 (AmRm), = +T & cos ¢ + ?05 cos 3¢ + §C5 €oSs Hy
105 5 21
2 (AmROJ), = +T ¢ sinp — — ®sin 3p + 3 ¢ sin 5
35 105 21 7
3 (AmR&O), = +? &+ e ® cos 2¢ + A cosdp + - 1 ® cos 6¢p
/ 35 5 105 4 21 8 7 6
4 (AmRo,s) :+?c — 5 ¢ cos2<p+?c cos4g0—1c cos 6
5 (AmR3’3), = +3c¢ sin2p
! 9 5 5 3 5
6 (AmR3’4) = +1 ¢’ cosp — — ¢’ cos 3 — = ¢° cos Hy
9 15 3
7 (AmR4’3), = +Z A sin g + §05 sin 3¢ — §C5 sin 5
8 (AmR4’4) = +§ -5 cosdp
45 3 7
9 (AmR3’5), = +E ®sin 2¢ — 108 sin 4 — Ecﬁ sin 6
45 3 7
10 (AmR5’3), = +E ¥ sin 2¢ + 1 & sin 4 — 16 ® sin 6¢p
15 9 3
11 (AmR&G), = +§ ¢’ cosp — 107 cos 3¢ + §c7cos T
15 9 3
12 (AmR6’3), = —i—§ ¢’ sin g + 107 sin 3¢ — §c7sin7g0
15
13 (AmR5’5), = —i—§ c”sin2¢p — = ¢” sin 6y
/ 45 15
14| (AyRgs) = —i—6—4 0 — 16 10 cos 4 + 61 c'% cos 8¢
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6. Some other methods to find SM

Suppose we know that representation (1.6) holds for the solution W,,(y) to
the Dirichlet problem (1.4). Then we can find polynomial S, ,(y) using a lot of
methods different from that developed in Section 2.

First, we can use the degenerate elliptic partial differential equation (4.4).
This equation needs no boundary condition to be solved, hence, the method of
undetermined coefficients is applicable.

Second, for solving the Poisson differential equation (4.3) with zero boundary
values the Ritz method [6,7] ideally suits.

Third, for solving the above problem for the Poisson differential equation
the Green integral formula is applicable, where the Green function is given in [5].

The above methods give required polynomials through a huge bulk of computa-
tional work, contrary to the method of Section 2 or its improved version of Sec-
tion 4. In other words, the above methods are implicit ones.

7. Examples on other methods to find S,

Polynomials S, , obtained by any method of Section 6 are fully expanded.
Some of them are placed in Table 4.

Table 4. Some fully expanded polynomials S, ,(x)

No Spq(x)

1| 28 S70 =163 20 — 4223 + Tay? + 56 22 — 28 Pay? + 35t

4] 2785 = —a®+292"y* — 992%y" + 1274°

+ 722t — 98 Pa?y? + 1192yt — 21 ¢*a® + 91 ¢My? + 358
9| 27 Sg5=—8 2Oy + 64 23y + 8y + 42y + 20 Pay® + 12 tay
14 | 2% Se6 = +21% — 67 28y% + 562 2%y* + 562 2%y — 67 22y® + ¢*°

+ 22® — 68 62936y2 + 630 02m4y4 — 68 02m2y6 + chS
—5c*2% +105 c4$4y2 + 105 c4m2y4 -5 c4y6

— 5824 + 110 P2%y? — 58yt + 10822 +105y% 4+ 1010
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8. Conclusions

1. An explicit solver for the Dirichlet problem for the Laplace equation in
a disk in polynomials is presented.

2. The solver essentially uses representation (1.3) for the solution to the prob-
lem but admits very high level of packing independent variables.

3. The level of packing independent variables is influenced by the number of
essential coefficients of the solution.

4. The number of essential coefficients of the solution equals the number of non-
zero Fourier coefficients of function AR,, restricted to the boundary of the disk,
where R, is the boundary polynomial.
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