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1. Introduction to the solver

Following [1,2], we consider the well known Dirichlet problem for the Laplace
equation in a disk of radius c centered at point x0 in the plane R2 parameterized
by cartesian orthogonal coordinates x = (x1, x2)

{
∆xu(x) = 0 , x ∈ B2

c (x0) :=
{
x : |x− x0|2 < c2

}
,

u(x) = Q′m(x) , x ∈ S2
c (x0) :=

{
x : |x− x0|2 = c2

}
,

(1.1)

where the boundary function is a polynomial of degree m

Qm(x) =

m∑
p+q=0

ap,q x
p
1 x

q
2 , (1.2)

p, q ∈ Z\Z−, ap,q ∈ R, and prime means that the domain of definition of Qm(x)

is restricted to S2
c (x0).

The above problem is known [3] to have a unique solution, and the solution
is evidently to be a polynomial Um(x) of degree m.

In [1] we proved the following
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Proposition 1.1. The solution to the Dirichlet problem (1.1) admits the follow-
ing representation

u(x) = Um(x) = F2(x)Pm−2(x) +Qm(x) , (1.3)

where F2(x) is the polynomial of degree 2 specifying the boundary of the disk:
F2(x) = c2− |x−x0|2 = 0, and Pm−2(x) is a uniquely determined polynomial of
degree m− 2 .

The way of proving proposition 1.1 was based on the Fourier method. Then,
in [2] we gave an other proof based on the Poisson integral formula for the solution.
Representation (1.3) was illustrated in [1] by numerous examples where c, x0

and Pm(x) were changed: first, we obtained solutions to (1.1) using the Fourier
method and, second, showed representation (1.3) to hold by dividing polynomial
solution Um(x) by polynomial F2(x) with remainder Qm(x). From this some
shrewd readers of [1] concluded that the method we used to prove representa-
tion (1.3) gives no explicit formula for polynomial Pm−2(x). Hence, in the current
study we derive the proper explicit formulas for polynomial Pm−2(x) literally
following [1].

The article is arranged as follows.
As in [1], we apply the direct transformation of independent variables x→ y :

x = y + x0, and replace the original Dirichlet problem (1.1) with the following
derived one {

∆yw(y) = 0 , y ∈ B2
c (0) ,

w(y) = R ′m(y) , y ∈ S2
c (0) ,

(1.4)

where the disk is centered at the origin of cartesian coordinates y = (y1, y2),
w(y) := u(y + x0), and

Rm(y) := Qm(y + x0) =
m∑

p+q=0

bp,q y
p
1 y

q
2 =

m∑
p+q=0

bp,q Rp,q(y) . (1.5)

Representation (1.3) for the solution to the derived Dirichlet problem reads

w(y) = Wm(y) = G2(y)Sm−2(y) +Rm(y) , (1.6)

where G2(y) := F2(y + x0) = c2 − |y|2, Sm−2(y) := Pm−2(y + x0) .
Then, in Section 2 we consider the contributions

Wp,q(y) = G2(y)Sp,q(y) +Rp,q(y) (1.7)
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of the monomials Rp,q(y) = yp1 y
q
2 of the boundary polynomial Rm(y) (1.5) to

the solution Wm(y) (1.6), where

Wm(y) =

m∑
p+q=0

Wp,q(y) , (1.8)

Sm−2(y) =

m∑
p+q=0

bp,q Sp,q(y) , (1.9)

Wp,q(y) and Sp,q(y) are polynomials of degree p + q and p + q − 2 respectively.
To find the polynomials Sp,q(y) we use the Fourier method. For representa-
tion (1.3) for the solution to the original Dirichlet problem to be obtained one
should apply the inverse transformation of independent variables y → x : y =
x− x0.

In Section 3 we illustrate the resulted explicit formulas of Section 2 for Sp,q(y)
by numerous examples.

In Section 4 we show how to simplify the resulted explicit formulas for Sp,q(y)
and eventually how to find polynomial Sm−2(y) not treating the monomialsRp,q(y)
separately.

In Section 5 we give supplementary data for readers to check propositions of
Section 4.

In Section 6 we discuss briefly some other methods to find polynomials Sp,q(y).
In Section 7 we show in what way other methods could help us obtain poly-

nomials Sp,q(y).

2. The Fourier method to find Sp,q(y)

Before applying the well known Fourier method [3] to derive explicit formu-
las for representation (1.6), we give a brief description of the method to clarify
the main idea we utilized in [1].

Let a boundary monomial R ′p,q (p+ q > 3 and is odd) to have the following
Fourier series (possible cases are presented in Tbl. 1 at p. 83)

R̊ ′p,q(ϕ) = c p+q

p+q−1
2∑

µ=0

a2µ+1 cos [(2µ+ 1)ϕ] ,

then extension of the boundary monomial to disk B2
c (0) is evidently to be

R̊ ′p,q(ϕ) = r p+q

p+q−1
2∑

µ=0

a2µ+1 cos [(2µ+ 1)ϕ] ,

and the solution to the Dirichlet problem is as follows



70 V. L. Borsch, I. E. Platonova

W̊p,q(r, ϕ) = c p+q

p+q−1
2∑

µ=0

(r
c

)2µ+1
a2µ+1 cos [(2µ+ 1)ϕ] ,

where the circle over the function name indicates changing cartesian coordinates
to polar ones: y1 = r cosϕ, y2 = r sinϕ .

Then we transform the solution identically as

W̊p,q(r, ϕ) = W̊p,q(r, ϕ)− R̊p,q(r, ϕ) + R̊p,q(r, ϕ)

=

p+q−1
2∑

µ=1

[
c p+q

(r
c

)2µ+1
− r p+q

]
a2µ+1 cos [(2µ+ 1)ϕ] + R̊p,q(r, ϕ)

and manipulate the expression in brackets algebraically (provided 2µ+ 1 < p+ q
and 5 6 p+ q)

.c p+q
(r
c

)2µ+1
− r p+q = c p+q−2µ−1 r 2µ+1 − r p+q

= c p+q−2µ−1 r 2µ+1 − r p+q−2µ−1 r 2µ+1

= r 2µ+1
(
c p+q−2µ−1 − r p+q−2µ−1

)
= r 2µ+1

(
c2 − r2

)
Ap+q−2µ−3(c, r) ,

where homogeneous in c and r polynomials are defined as

A2k(c, r) =

{
1 , k = 0 ,

c2k + c2k−2r2 + . . .+ c2r2k−2 + r2k , k > 1 .
(2.1)

Eventually we obtain the required representation as

W̊p,q(r, ϕ) =
(
c2 − r2

) p+q−1
2
−1∑

µ=1

a2µ+1Ap+q−2µ−3(c, r) r 2µ+1 cos [(2µ+ 1)ϕ] + R̊p,q(r, ϕ)

=
(
c2 − r2

) p+q−1
2
−1∑

µ=1

a2µ+1Ap+q−2µ−3(c, r)H2µ+1,1(r, ϕ) + R̊p,q(r, ϕ) ,

where first there appear harmonic polynomials [8]

H̊k,1(r, ϕ) = rk cos kϕ , H̊k,2(r, ϕ) = rk sin kϕ . (2.2)
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To obtain the Fourier series of boundary monomials Rp,q we use well known
formulas [4] for powers of trigonometric functions cos and sin in terms of these
functions of multiples of the argument



cosp ϕ =
1

2p−1

p−1
2∑

µ=0

Cµp cosϕµ ,

sinq ϕ =
1

2q−1

q−1
2∑

γ=0

Cγq sinϕγ (−1)
q−1
2

+γ ,

(2.3)

when p and q are odd integers, and



cosp ϕ =
1

2p
C
p
2
p +

1

2p−1

p
2
−1∑

µ=0

Cµp cosϕµ ,

sinq ϕ =
1

2q
C
q
2
q +

1

2q−1

q
2
−1∑
γ=0

Cγq cosϕγ (−1)
q
2

+γ ,

(2.4)

when p and q are even integers; and ϕµ := pµ ϕ = (p − 2µ)ϕ, ϕγ := qγ ϕ = (q −
2γ)ϕ, and formulas

{
2 cosϕ1 cosϕ2 = cos (ϕ1 − ϕ2) + cos (ϕ1 + ϕ2) ,

2 sinϕ1 cosϕ2 = sin (ϕ1 − ϕ2) + sin (ϕ1 + ϕ2) .
(2.5)

To transform harmonic polynomials (2.2) to cartesian variables we use well
known formulas [4] for trigonometric functions cos and sin of multiples of the argu-
ment in terms of powers of these functions (for p, q being odd and even respec-
tively)



cos pϕ =

p−1
2∑

µ=0

(−1)µC2µ
p cosp−2µ ϕ sin2µ ϕ ,

sin qϕ =

q−1
2∑

γ=0

(−1)γ C2γ+1
q cosq−2γ−1 ϕ sin2γ+1 ϕ ,

(2.6)
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

cos pϕ =

p
2∑

µ=0

(−1)µC2µ
p cosp−2µ ϕ sin2µ ϕ ,

sin qϕ =

q
2
−1∑
γ=0

(−1)γ C2γ+1
q cosq−2γ−1 ϕ sin2γ+1 ϕ .

(2.7)

2.1. Trivial cases

We call trivial those cases when the boundary monomials are harmonic ones
of degree 1 and 2: a) p = 1, q = 0; b) p = 0, q = 1; c) p = 1, q = 1. Then
polynomials S1,0, S0,1 and S1,1 are evidently to equal zero identically.

2.2. Other missing cases

Other missing cases are as follows: a) p > 3 is odd and q = 0; b) p = 0 and
q > 1 is odd; c) p > 2 is even and q = 0; d) p = 0 and q > 2 is even. They are
thoroughly studied or discussed in [1].

2.3. p > 1 is odd and q > 1 is odd, p+ q > 4

First we find the Fourier series for the given boundary monomial restricted
to S2

c (0)

R̊ ′p,q(ϕ) = c p cospϕ c q sinqϕ

=
c p+q

2p+q−2

 p−1
2∑

µ=0

Cµp cosϕµ

 q−1
2∑

γ=0

(−1)
q−1
2

+γ Cγq sinϕγ



=
c p+q

2p+q−1

p−1
2∑

µ=0

q−1
2∑

γ=0

(−1)
q−1
2

+γ Cµp C
γ
q sin(ϕγ + ϕµ)

+
c p+q

2p+q−1

p−1
2∑

µ=0

q−1
2∑

γ=0

(−1)
q−1
2

+γ Cµp C
γ
q sin(ϕγ − ϕµ) .

Then we extend the boundary monomial to B2
c (0)

R̊p,q(r, ϕ) =
r p+q

2p+q−1

p−1
2∑

µ=0

q−1
2∑

γ=0

(−1)
q−1
2

+γ Cµp C
γ
q sin(ϕγ + ϕµ)

+
r p+q

2p+q−1

p−1
2∑

µ=0

q−1
2∑

γ=0

(−1)
q−1
2

+γ Cµp C
γ
q sin(ϕγ − ϕµ) ,
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set up the solution to the Dirichlet problem following the Fourier method and
apply the identical transformation discussed in Section 2

W̊p,q(r, ϕ) =
1

2p+q−1

p−1
2∑

µ=0

q−1
2∑

γ=0︸ ︷︷ ︸
µ+γ>0

(−1)
q−1
2

+γ Cµp C
γ
q

[
c p+q

(r
c

)qγ+pµ − r p+q
]

sin(ϕγ+µ)

+
1

2p+q−1

p−1
2∑

µ=0

q−1
2∑

γ=0︸ ︷︷ ︸
pµ<qγ

(−1)
q−1
2

+γ Cµp C
γ
q

[
c p+q

(r
c

)qγ−pµ − r p+q] sin(ϕγ−µ)

− 1

2p+q−1

p−1
2∑

µ=0

q−1
2∑

γ=0︸ ︷︷ ︸
pµ>qγ

(−1)
q−1
2

+γ Cµp C
γ
q

[
c p+q

(r
c

)qγ−pµ − r p+q] sin(ϕµ−γ)

+ R̊p,q(r, ϕ) ,

where the following auxiliary notation is used: ϕγ+µ = ϕγ +ϕµ, ϕγ−µ = ϕγ −ϕµ,
ϕµ−γ = ϕµ − ϕγ .

After some algebraic manipulations discussed and explained in Section 2 we present
the polynomial Sp,q in polar variables separately

2p+q−1 S̊p,q(r, ϕ) =

p−1
2∑

µ=0

q−1
2∑

γ=0︸ ︷︷ ︸
µ+γ>0

(−1)
q−1
2

+γ Cµp C
γ
q A2(µ+γ)−2(c, r) r pµ+qγ sin [(qγ+ pµ)ϕ]

+

p−1
2∑

µ=0

q−1
2∑

γ=0︸ ︷︷ ︸
pµ<qγ

(−1)
q−1
2

+γ Cµp C
γ
q A2(p+γ−µ)−2(c, r) r qγ−pµ sin [(qγ− pµ)ϕ]

−

p−1
2∑

µ=0

q−1
2∑

γ=0︸ ︷︷ ︸
pµ>qγ

(−1)
q−1
2

+γ Cµp C
γ
q A2(q+µ−γ)−2(c, r) r pµ−qγ sin [(pµ− qγ)ϕ] .

Transforming independent variables from cartesian to polar ones we eventually
find polynomial Sp,q
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2p+q−1 Sp,q(y) =

p−1
2∑

µ=0

q−1
2∑

γ=0︸ ︷︷ ︸
µ+γ>0

(−1)
q−1
2

+γ Cµp C
γ
q A2(µ+γ)−2(c, |y|)Hp+q−2(µγ),2(y)

+

p−1
2∑

µ=0

q−1
2∑

γ=0︸ ︷︷ ︸
pµ<qγ

(−1)
q−1
2

+γ Cµp C
γ
q A2(p+γ−µ)−2(c, |y|)Hq−p−2(γ−µ),2(y)

−

p−1
2∑

µ=0

q−1
2∑

γ=0︸ ︷︷ ︸
pµ>qγ

(−1)
q−1
2

+γ Cµp C
γ
q A2(q+µ−γ)−2(c, |y|)Hp−q−2(µ−γ),2(y)

(2.8)

2.4. p > 1 is odd and q > 2 is even, p+ q > 3

We again start considering new case with finding the Fourier series for the given
boundary monomial restricted to S2

c (0)

R̊ ′p,q(ϕ) = c p cospϕ c q sinqϕ

= c p+q

 1

2p−1

p−1
2∑

µ=0

Cµp cosϕµ

 1

2q
C
q
2
q +

1

2q−1

q
2
−1∑
γ=0

(−1)
q
2

+γ Cγq sinϕγ



=
c p+q

2p+q−1
C
q
2
q

p−1
2∑

µ=0

Cµp cosϕµ

+
c p+q

2p+q−1

p−1
2∑

µ=0

q
2
−1∑
γ=0

(−1)
q
2

+γ Cµp C
γ
q cos(ϕµ + ϕγ)

+
c p+q

2p+q−1

p−1
2∑

µ=0

q
2
−1∑
γ=0

(−1)
q
2

+γ Cµp C
γ
q cos(ϕµ − ϕγ) .

Then as usually we extend the boundary monomial to the disk
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R̊ ′p,q(ϕ) =
r p+q

2p+q−1
C
q
2
q

p−1
2∑

µ=0

Cµp cosϕµ

+
r p+q

2p+q−1

p−1
2∑

µ=0

q
2
−1∑
γ=0

(−1)
q
2

+γ Cµp C
γ
q cos(ϕµ + ϕγ)

+
r p+q

2p+q−1

p−1
2∑

µ=0

q
2
−1∑
γ=0

(−1)
q
2

+γ Cµp C
γ
q cos(ϕµ − ϕγ) ,

set up the solution to the problem and implement the identical transformation as
follows

W̊p,q(r, ϕ) =
1

2p+q−1
C
q
2
q

p−1
2∑

µ=0

Cµp

[
c p+q

(r
c

)pµ − r p+q] cosϕµ

+
1

2p+q−1

p−1
2∑

µ=0

q
2
−1∑
γ=0︸ ︷︷ ︸

µ+γ>0

(−1)
q
2

+γ Cµp C
γ
q

[
c p+q

(r
c

)qγ+pµ − r p+q
]

cos(ϕγ+µ)

+
1

2p+q−1

p−1
2∑

µ=0

q
2
−1∑
γ=0︸ ︷︷ ︸

pµ<qγ

(−1)
q
2

+γ Cµp C
γ
q

[
c p+q

(r
c

)qγ−pµ − r p+q] cos(ϕγ−µ)

+
1

2p+q−1

p−1
2∑

µ=0

q
2
−1∑
γ=0︸ ︷︷ ︸

pµ>qγ

(−1)
q
2

+γ Cµp C
γ
q

[
c p+q

(r
c

)qγ−pµ − r p+q] cos(ϕµ−γ)

+ R̊p,q(r, ϕ) .

Now the polynomial Sp,q has been ready to be presented in polar variables
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2p+q−1 S̊p,q(r, ϕ) = C
q
2
q

p−1
2∑

µ=0

Cµp Aq+2µ−2(c, r) r pµ cos pµϕ

=

p−1
2∑

µ=0

q
2
−1∑
γ=0︸ ︷︷ ︸

µ+γ>0

(−1)
q
2

+γ Cµp C
γ
q A2(µ+γ)−2(c, r) r pµ+qγ cos [(pµ + qγ)ϕ]

+

p−1
2∑

µ=0

q
2
−1∑
γ=0︸ ︷︷ ︸

pµ<qγ

(−1)
q
2

+γ Cµp C
γ
q A2(p+γ−µ)−2(c, r) r qγ−pµ cos [(qγ − pµ)ϕ]

+

p−1
2∑

µ=0

q
2
−1∑
γ=0︸ ︷︷ ︸

pµ>qγ

(−1)
q
2

+γ Cµp C
γ
q A2(q+µ−γ)−2(c, r) r pµ−qγ cos [(pµ − qγ)ϕ]

and finally in cartesian ones

2p+q−1 Sp,q(y) = C
q
2
q

p−1
2∑

µ=0

Cµp Aq+2µ−2(c, |y|)Hp−2µ,1(y)

=

p−1
2∑

µ=0

q
2
−1∑
γ=0︸ ︷︷ ︸

µ+γ>0

(−1)
q
2

+γ Cµp C
γ
q A2(µ+γ)−2(c, |y|)Hp+q−2(µ+γ),1(y)

+

p−1
2∑

µ=0

q
2
−1∑
γ=0︸ ︷︷ ︸

pµ<qγ

(−1)
q
2

+γ Cµp C
γ
q A2(p+γ−µ)−2(c, |y|)Hq−p−2(γ−µ),1(y)

+

p−1
2∑

µ=0

q
2
−1∑
γ=0︸ ︷︷ ︸

pµ>qγ

(−1)
q
2

+γ Cµp C
γ
q A2(q+µ−γ)−2(c, |y|)Hp−q−2(µ−γ),1(y) .

(2.9)



An Explicit Solver to the Dirichlet Problem for the Laplace equation in a Disk in Polynomials 77

2.5. p > 2 is even and q > 1 is odd, p+ q > 3

The Fourier series for the boundary monomial

R̊ ′p,q(ϕ) = c p cospϕ c q sinqϕ

= c p+q

 1

2p
C
p
2
p +

1

2p−1

p
2
−1∑

µ=0

Cµp cosϕµ

 1

2q−1

q−1
2∑

γ=0

(−1)
q−1
2

+γ Cγq sinϕγ



=
c p+q

2p+q−1
C
p
2
p

q−1
2∑

γ=0

(−1)
q−1
2

+γ Cγq sinϕγ

+
c p+q

2p+q−1

p
2
−1∑

µ=0

q−1
2∑

γ=0

(−1)
q−1
2

+γ Cµp C
γ
q sin(ϕγ + ϕµ)

+
c p+q

2p+q−1

p
2
−1∑

µ=0

q−1
2∑

γ=0

(−1)
q−1
2

+γ Cµp C
γ
q sin(ϕγ − ϕµ)

is uniquely extended to the disk as the following function of polar variables

R̊p,q(r, ϕ) =
r p+q

2p+q−1
C
p
2
p

q−1
2∑

γ=0

(−1)
q−1
2

+γ Cγq sinϕγ

+
r p+q

2p+q−1

p
2
−1∑

µ=0

q−1
2∑

γ=0

(−1)
q−1
2

+γ Cµp C
γ
q sin(ϕγ + ϕµ)

+
r p+q

2p+q−1

p
2
−1∑

µ=0

q−1
2∑

γ=0

(−1)
q−1
2

+γ Cµp C
γ
q sin(ϕγ − ϕµ) .

Then the solution to the problem is set up as follows
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W̊p,q(r, ϕ) =
1

2p+q−1
C
p
2
p

q−1
2∑

γ=0

(−1)
q−1
2

+γ Cγq

[
c p+q

(r
c

)qγ − r p+q] sinϕγ

+
1

2p+q−1

p
2
−1∑

µ=0

q−1
2∑

γ=0︸ ︷︷ ︸
µ+γ>0

(−1)
q−1
2

+γ Cµp C
γ
q

[
c p+q

(r
c

)qγ+pµ − r p+q
]

sin(ϕγ+µ)

+
1

2p+q−1

p
2
−1∑

µ=0

q−1
2∑

γ=0︸ ︷︷ ︸
pµ<qγ

(−1)
q−1
2

+γ Cµp C
γ
q

[
c p+q

(r
c

)qγ−pµ − r p+q] sin(ϕγ−µ)

− 1

2p+q−1

p
2
−1∑

µ=0

q−1
2∑

γ=0︸ ︷︷ ︸
pµ>qγ

(−1)
q−1
2

+γ Cµp C
γ
q

[
c p+q

(r
c

)pµ−qγ − r p+q] sin(ϕµ−γ)

+ R̊p,q(r, ϕ) ,

from where the required polynomial is obtained in polar

2p+q−1 S̊p,q(r, ϕ) = C
p
2
p

q−1
2∑

γ=0

(−1)
q−1
2

+γ Cγq Ap+2γ−2(c, r) r qγ sin qγϕ

+

p
2
−1∑

µ=0

q−1
2∑

γ=0︸ ︷︷ ︸
µ+γ>0

(−1)
q−1
2

+γ Cµp C
γ
q A2(µ+γ)−2(c, r) r pµ+qγ sin [(pµ + qγ)ϕ]

+

p
2
−1∑

µ=0

q−1
2∑

γ=0︸ ︷︷ ︸
pµ<qγ

(−1)
q−1
2

+γ Cµp C
γ
q A2(p+γ−µ)−2(c, r) r qγ−pµ sin [(qγ − pµ)ϕ]

−

p
2
−1∑

µ=0

q−1
2∑

γ=0︸ ︷︷ ︸
pµ>qγ

(−1)
q−1
2

+γ Cµp C
γ
q A2(q+µ−γ)−2(c, r) r pµ−qγ sin [(pµ − qγ)ϕ]

and then in cartesian variables
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2p+q−1 Sp,q(y) = C
p
2
p

q−1
2∑

γ=0

(−1)
q−1
2

+γ Cγq Ap+2γ−2(c, |y|)Hq−2γ,1(y)

+

p
2
−1∑

µ=0

q−1
2∑

γ=0︸ ︷︷ ︸
µ+γ>0

(−1)
q−1
2

+γ Cµp C
γ
q A2(µ+γ)−2(c, |y|)Hp+q−2(µ+γ),2(y)

+

p
2
−1∑

µ=0

q−1
2∑

γ=0︸ ︷︷ ︸
pµ<qγ

(−1)
q−1
2

+γ Cµp C
γ
q A2(p+γ−µ)−2(c, |y|)Hq−p−2(γ−µ),2(y)

−

p
2
−1∑

µ=0

q−1
2∑

γ=0︸ ︷︷ ︸
pµ>qγ

(−1)
q−1
2

+γ Cµp C
γ
q A2(q+µ−γ)−2(c, |y|)Hp−q−2(µ−γ),2(y) .

(2.10)

2.6. p > 2 is even and q > 2 is even, p+ q > 4

Using the Fourier series for the boundary monomial

R̊ ′p,q(ϕ) = c p cospϕ c q sinqϕ

= c p+q

C p
2
p

2p
+

1

2p−1

p
2
−1∑

µ=0

Cµp cosϕµ

C q
2
q

2q
+

1

2q−1

q
2
−1∑
γ=0

(−1)
q
2

+γ Cγq sinϕγ


+
c p+q

2p+q
C
p
2
p C

q
2
q

+
c p+q

2p+q−1
C
q
2
q

p
2
−1∑

µ=0

Cµp cos(ϕµ) +
c p+q

2p+q−1
C
p
2
p

q
2
−1∑
γ=0

(−1)
q
2

+γ Cγq cos(ϕγ)

+
c p+q

2p+q−1

p
2
−1∑

µ=0

q
2
−1∑
γ=0

(−1)
q
2

+γ Cµp C
γ
q cos(ϕγ + ϕµ)

+
c p+q

2p+q−1

p
2
−1∑

µ=0

q
2
−1∑
γ=0

(−1)
q
2

+γ Cµp C
γ
q cos(ϕγ − ϕµ)
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and not extending it explicitly to the disk set up the solution to the problem in
polar variables and implement the identical transformation

W̊p,q(r, ϕ) =
1

2p+q−1


1

2
C
p
2
p C

q
2
q +

p
2
−1∑

µ=0

q
2
−1∑
γ=0︸ ︷︷ ︸

pµ=qγ

(−1)
q
2

+γ Cµp C
γ
q


[
c p+q − r p+q

]

+
1

2p+q−1

p
2
−1∑

µ=0

Cµp

[
c p+q

(r
c

)pµ − r p+q] cosϕµ

+
1

2p+q−1

q
2
−1∑
γ=0

(−1)
q
2

+γ Cγq

[
c p+q

(r
c

)qγ − r p+q] cosϕγ

+
1

2p+q−1

p
2
−1∑

µ=0

q
2
−1∑
γ=0︸ ︷︷ ︸

µ+γ>0

(−1)
q
2

+γ Cµp C
γ
q

[
c p+q

(r
c

)qγ+pµ − r p+q
]

cosϕγ+µ

+
1

2p+q−1

p
2
−1∑

µ=0

q
2
−1∑
γ=0︸ ︷︷ ︸

pµ<qγ

(−1)
q
2

+γ Cµp C
γ
q

[
c p+q

(r
c

)qγ−pµ − r p+q] cosϕγ−µ

+
1

2p+q−1

p
2
−1∑

µ=0

q
2
−1∑
γ=0︸ ︷︷ ︸

pµ>qγ

(−1)
q
2

+γ Cµp C
γ
q

[
c p+q

(r
c

)pµ−qγ − r p+q] cosϕµ−γ

+ R̊p,q(r, ϕ) .

This case needs much more work compared to previous cases, and eventually
we obtain the polynomial Sp,q in polar variables
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2p+q−1 S̊p,q(r, ϕ) =


1

2
C
p
2
p C

q
2
q +

p
2
−1∑

µ=0

q
2
−1∑
γ=0︸ ︷︷ ︸

pµ=qγ

(−1)
q
2

+γ Cµp C
γ
q

Ap+q−2(r)

+

p
2
−1∑

µ=0

Cµp Aq+2µ−2(r) r pµ cos (pµϕ)

+

q
2
−1∑
γ=0

(−1)
q
2

+γ Cγq Ap+2γ−2(r) r qγ cos (qγϕ)

+

p
2
−1∑

µ=0

q
2
−1∑
γ=0︸ ︷︷ ︸

µ+γ>0

(−1)
q
2

+γ Cµp C
γ
q A2(µ+γ)−2(r) r qγ+pµ cos [(pµ + qγ)ϕ]

+

p
2
−1∑

µ=0

q
2
−1∑
γ=0︸ ︷︷ ︸

pµ<qγ

(−1)
q
2

+γ Cµp C
γ
q A2(p+γ−µ)−2(r) r qγ−pµ cos [(qγ − pµ)ϕ]

+

p
2
−1∑

µ=0

q
2
−1∑
γ=0︸ ︷︷ ︸

pµ>qγ

(−1)
q
2

+γ Cµp C
γ
q A2(q+µ−γ)−2(r) r pµ−qγ cos [(pµ − qγ)ϕ] .

Transforming the polynomial Sp,q to cartesian variables is quite routine to
obtain
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2p+q−1 Sp,q(y) =


1

2
C
p
2
p C

q
2
q +

p
2
−1∑

µ=0

q
2
−1∑
γ=0︸ ︷︷ ︸

pµ=qγ

(−1)
q
2

+γ Cµp C
γ
q

Ap+q−2(|y|)

+

p
2
−1∑

µ=0

Cµp Aq+2µ−2(|y|)Hp−2µ,1(y)

+

q
2
−1∑
γ=0

(−1)
q
2

+γ Cγq Ap+2γ−2(|y|)Hq−2γ,1(y)

+

p
2
−1∑

µ=0

q
2
−1∑
γ=0︸ ︷︷ ︸

µ+γ>0

(−1)
q
2

+γ Cµp C
γ
q A2(µ+γ)−2(|y|) Hp+q−2(µ+γ),1(y)

+

p
2
−1∑

µ=0

q
2
−1∑
γ=0︸ ︷︷ ︸

pµ<qγ

(−1)
q
2

+γ Cµp C
γ
q A2(p+γ−µ)−2(|y|)Hq−p−2(γ−µ),1(y)

+

p
2
−1∑

µ=0

q
2
−1∑
γ=0︸ ︷︷ ︸

pµ>qγ

(−1)
q
2

+γ Cµp C
γ
q A2(q+µ−γ)−2(|y|)Hp−q−2(µ−γ),1(y) .

(2.11)

3. Examples on the Fourier method to find Sp,q(y)

Here and below we consider the Dirichlet problem (1.1), where x0 =0, hence,
all the resulted formulas, namely (2.8) – (2.11), are valid when formally replacing
variables y with x. For readers interested in deriving the explicit formulas for
the coefficients of polynomials Sp,q we place in Table 1 the Fourier series of all
the boundary monomials R̊ ′p,q. The resulted polynomials Sp,q are placed in Ta-
ble 2 and could attract attention of shrewd readers by very high level of packing
the independent variables.

For example, the polynomial S6,6 is written (in Table 2) using 3 non-zero
coefficients (essential, or primary), but admits the following partial expanding
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Table 1. The Fourier series of boundary monomials R̊ ′p,q(ϕ)

No The Fourier series

1 R̊ ′7,0 = +
35

64
c7 cosϕ+

21

84
c7 cos 3ϕ+

7

64
c7 cos 5ϕ+

1

64
c7 cos 7ϕ

2 R̊ ′0,7 = +
35

64
c7 sinϕ− 21

84
c7 sin 3ϕ+

7

64
c7 sin 5ϕ+

1

64
c7 sin 7ϕ

3 R̊ ′8,0 = +
35

128
c8 +

7

16
c8 cos 2ϕ+

7

32
c8 cos 4ϕ+

1

16
c8 cos 6ϕ+

1

128
c8 cos 8ϕ

4 R̊ ′8,0 = +
35

128
c8− 7

16
c8 cos 2ϕ+

7

32
c8 cos 4ϕ− 1

16
c8 cos 6ϕ+

1

128
c8 cos 8ϕ

5 R̊ ′3,3 = +
3

32
c6 sin 2ϕ− 1

32
c6 sin 6ϕ

6 R̊ ′3,4 = +
3

64
c7 cosϕ− 3

64
c7 cos 3ϕ− 1

64
c7 cos 5ϕ+

1

64
c7 cos 7ϕ

7 R̊ ′4,3 = +
3

64
c7 sinϕ+

3

64
c7 sin 3ϕ− 1

64
c7 sin 5ϕ− 1

64
c7 sin 7ϕ

8 R̊ ′4,4 = +
3

128
c8 − 1

32
c8 cos 4ϕ+

1

128
c8 cos 8ϕ

9 R̊ ′3,5 = +
3

64
c8 sin 2ϕ− 1

64
c8 sin 4ϕ− 1

64
c8 sin 6ϕ+

1

128
c8 sin 8ϕ

10 R̊ ′5,3 = +
3

64
c8 sin 2ϕ+

1

64
c8 sin 4ϕ− 1

64
c8 sin 6ϕ− 1

128
c8 sin 8ϕ

11 R̊ ′3,6 = +
3

128
c9 cosϕ− 1

32
c9 cos 3ϕ+

3

256
c9 cos 7ϕ− 1

256
c9 cos 9ϕ

12 R̊ ′6,3 = +
3

128
c9 sinϕ+

1

32
c9 sin 3ϕ− 3

256
c9 sin 7ϕ− 1

256
c9 sin 9ϕ

13 R̊ ′5,5 = +
5

256
c10 sin 2ϕ− 5

512
c10 sin 6ϕ+

1

512
c10 sin 10ϕ

14 R̊ ′6,6 = +
5

1024
c12 − 15

2048
c12 cos 4ϕ+

3

1024
c12 cos 8ϕ− 1

2048
c12 cos 12ϕ

211 S6,6 = 10
(
c10 + c8|x|2 + c6|x|4 + c4|x|6 + c2|x|8 + |x|10

)
− 15

(
c6 + c4|x|2 + c2|x|4 + x|6

)(
x4

1 − 6x2
1x

2
2 + x4

2

)
+ 6

(
c2 + |x|2

)(
x8

1 − 28x6
1x

2
2 + 70x4

1x
4
2 − 28x2

1x
6
2 + x8

2

)
.

(3.1)

Fully expanded polynomial S6,6 is given in Table 4.
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Table 2. Polynomials Sp,q(x) (arguments (c, |x|) of the homogeneous polynomials A and
argument (x) of the harmonic polynomials H are not shown for brevity; ’# of terms‘ in
the last column refers to fully expanded polynomials, see Table 4 in Section 7)

No Sp,q(x) # of terms

1 26 S7,0 = +35A4H1,1 + 21A2H3,1 + 7A0H5,1 6

2 26 S0,7 = +35A4H1,2 − 21A2H3,2 + 7A0H5,2 6

3 27 S8,0 = +35A6H0,1 + 56A4H2,1 + 28A2H4,1 + 8A0H6,1 10

4 27 S0,8 = +35A6H0,1 − 56A4H2,1 + 28A2H4,1 − 8A0H6,1 10

5 25 S3,3 = +3A2H2,2 3

6 26 S3,4 = +3A4H1,1 − 3A2H3,1 −A0H5,1 5

7 26 S4,3 = +3A4H1,2 + 3A2H3,2 −A0H5,2 5

8 27 S4,4 = +3A6H0,1 − 4A2H4,1 10

9 27 S3,5 = +6A4H2,2 − 2A2H4,2 − 2A0H6,2 6

10 27 S5,3 = +6A4H2,2 + 2A2H4,2 − 2A0H6,2 6

11 28 S3,6 = +6A6H1,1 − 8A4H3,1 + 3A0H7,1 10

12 28 S6,3 = +6A6H1,2 + 8A4H3,2 − 3A0H7,2 10

13 29 S5,5 = +10A6H2,2 − 5A2H6,2 10

14 211 S6,6 = +10A10H0,1 − 15A6H4,1 + 6A2H8,1 21

4. Some improvements to find Sp,q(y)

From the explicit formulas (2.8) – (2.11) derived in Section 2 and the exam-
ples considered in Section 3 one could deduce that the contribution of a mono-
mial Rp,q(y) to the resulted polynomial Sm−2(y) (1.9) is given as

2p+q−1 Sp,q(y)=

p+q−1
2∑

ρ=0

A2ρ(c, |y|)
(
α2ρHp+q−2−2ρ,1(y)+σ2ρHp+q−2−2ρ,2(y)

)
, (4.1)

when p+ q is odd, and as

2p+q−1 Sp,q(y)=

p+q
2
−1∑

ρ=0

A2ρ(c, |y|)
(
α2ρHp+q−2−2ρ,1(y)+σ2ρHp+q−2−2ρ,2(y)

)
, (4.2)
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when p+ q is even, where the coefficients α2ρ, σ2ρ are fully determined by the Fou-
rier series of the monomial R ′p,q(y) through formulas (2.8) – (2.11).

We show here how to simplify the computation of the coefficients α2ρ, σ2ρ.

Proposition 4.1. The Fourier series of the Laplacian of a monomial Rp,q(y), i. e.
function ∆yRp,q(y) restricted to S2

c (0), fully determines (the coefficients α2ρ, σ2ρ

of) the polynomial Sp,q(y).

Proof. First, we derive a partial differential equation the polynomial Sp,q(y) satis-
fies. For this we substitute representation (1.7) into the differential equation of
the problem (1.4)

∆y

((
c2 − |y|2

)
Sp,q

)
= −∆yRp,q (4.3)

to obtain

(
c2 − |y|2

)
∆ySp,q − 4

(
y1

∂Sp,q
∂y1

+ y2

∂Sp,q
∂y2

+ Sp,q

)
= −∆yRp,q , (4.4)

a degenerate elliptic linear partial differential equation with variable coefficients.
Second, when |y| → c, the higher order terms of (4.4) vanish, and we obtain

the following Robin boundary condition

4

(
r
∂S̊p,q(r, ϕ)

∂r
+ S̊p,q(r, ϕ)

)∣∣∣∣
r=c

= ∆(r,ϕ) R̊p,q(r, ϕ)
∣∣
r=c

, (4.5)

written in polar variables.
Third, substituting representation (4.1) or (4.2) for the polynomial Sp,q(y) on

the left-hand side of the boundary condition (4.5) we obtain a trigonometric poly-
nomial, whereas the right-hand side of (4.5) is easily reduced due to formulas (..)
to the Fourier series of function ∆yRp,q(y) restricted to S2

c (0).
Comparing the respective coefficients of both trigonometric polynomials we

easily find simple algebraic relations between the unknown coefficients of the poly-
nomial Sp,q(y) and the Fourier series of function ∆yRp,q(y) restricted to S2

c (0).
For the sake of brevity we do not derive here the proper relations and leave
this derivation to shrewd readers.

Since the Dirichlet problem (1.4) is linear it immediately follows from propo-
sition 4.1 the following

Proposition 4.2. The Fourier series of the Laplacian of the boundary polynomi-
al Rm(y), i. e. function ∆yRm(y) restricted to S2

c (0), fully determines the poly-
nomial Sm−2(y).
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5. Examples on improvements to find Sp,q(y)

For readers interested in deriving the explicit formulas for the coefficients
of polynomials Sp,q(y) we place in Table 3 the Fourier series of the Laplacians of
monomials Rp,q, where the monomials Rp,q are the same as in Table 1. The Fourier
series in Table 3 supplemented with the boundary condition (4.5) fully determine
the polynomials Sp,q in Table 2.

Table 3. The Fourier series of functions ∆xRp,q(x) restricted to S2
c (0)

No The Fourier series

1
(
∆xR7,0

)′
= +

105

4
c5 cosϕ+

105

8
c5 cos 3ϕ+

21

8
c5 cos 5ϕ

2
(
∆xR0,7

)′
= +

105

4
c5 sinϕ− 105

8
c5 sin 3ϕ+

21

8
c5 sin 5ϕ

3
(
∆xR8,0

)′
= +

35

2
c6 +

105

4
c6 cos 2ϕ+

21

2
c8 cos 4ϕ+

7

4
c6 cos 6ϕ

4
(
∆xR0,8

)′
= +

35

2
c6 − 105

4
c6 cos 2ϕ+

21

2
c8 cos 4ϕ− 7

4
c6 cos 6ϕ

5
(
∆xR3,3

)′
= +3 c4 sin 2ϕ

6
(
∆xR3,4

)′
= +

9

4
c5 cosϕ− 15

8
c5 cos 3ϕ− 3

8
c5 cos 5ϕ

7
(
∆xR4,3

)′
= +

9

4
c5 sinϕ+

15

8
c5 sin 3ϕ− 3

8
c5 sin 5ϕ

8
(
∆xR4,4

)′
= +

3

2
c6 − 3

2
c6 cos 4ϕ

9
(
∆xR3,5

)′
= +

45

16
c6 sin 2ϕ− 3

4
c8 sin 4ϕ− 7

16
c6 sin 6ϕ

10
(
∆xR5,3

)′
= +

45

16
c6 sin 2ϕ+

3

4
c8 sin 4ϕ− 7

16
c6 sin 6ϕ

11
(
∆xR3,6

)′
= +

15

8
c7 cosϕ− 9

4
c7 cos 3ϕ+

3

8
c7 cos 7ϕ

12
(
∆xR6,3

)′
= +

15

8
c7 sinϕ+

9

4
c7 sin 3ϕ− 3

8
c7 sin 7ϕ

13
(
∆xR5,5

)′
= +

15

8
c8 sin 2ϕ− 5

8
c8 sin 6ϕ

14
(
∆xR6,6

)′
= +

45

64
c10 − 15

16
c10 cos 4ϕ+

15

64
c10 cos 8ϕ
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6. Some other methods to find Sp,q

Suppose we know that representation (1.6) holds for the solution Wm(y) to
the Dirichlet problem (1.4). Then we can find polynomial Sp,q(y) using a lot of
methods different from that developed in Section 2.

First, we can use the degenerate elliptic partial differential equation (4.4).
This equation needs no boundary condition to be solved, hence, the method of
undetermined coefficients is applicable.

Second, for solving the Poisson differential equation (4.3) with zero boundary
values the Ritz method [6,7] ideally suits.

Third, for solving the above problem for the Poisson differential equation
the Green integral formula is applicable, where the Green function is given in [5].

The above methods give required polynomials through a huge bulk of computa-
tional work, contrary to the method of Section 2 or its improved version of Sec-
tion 4. In other words, the above methods are implicit ones.

7. Examples on other methods to find Sp,q

Polynomials Sp,q obtained by any method of Section 6 are fully expanded.
Some of them are placed in Table 4.

Table 4. Some fully expanded polynomials Sp,q(x)

No Sp,q(x)

1 26 S7,0 = +63x5 − 42x3y2 + 7xy4 + 56 c2x3 − 28 c2xy2 + 35 c4x

4 27 S0,8 = −x6 + 29x4y2 − 99x2y4 + 127 y6

+ 7 c2x4 − 98 c2x2y2 + 119 c2y4 − 21 c4x2 + 91 c4y2 + 35 c6

9 27 S3,5 = −8x5y + 64x3y3 + 8xy5 + 4 c2x3y + 20 c2xy3 + 12 c4xy

14 211 S6,6 = +x10 − 67x8y2 + 562x6y4 + 562x4y6 − 67x2y8 + y10

+ c2x8 − 68 c2x6y2 + 630 c2x4y4 − 68 c2x2y6 + c2y8

− 5 c4x6 + 105 c4x4y2 + 105 c4x2y4 − 5 c4y6

− 5 c6x4 + 110 c6x2y2 − 5 c6y4 + 10 c8x2 + 10 c8y2 + 10 c10
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8. Conclusions

1. An explicit solver for the Dirichlet problem for the Laplace equation in
a disk in polynomials is presented.

2. The solver essentially uses representation (1.3) for the solution to the prob-
lem but admits very high level of packing independent variables.

3. The level of packing independent variables is influenced by the number of
essential coefficients of the solution.

4. The number of essential coefficients of the solution equals the number of non-
zero Fourier coefficients of function ∆Rm restricted to the boundary of the disk,
where Rm is the boundary polynomial.
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