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Abstract. It is shown that ‘a free function’ in the evolution equation of Hornig & Schindler
for the magnetic induction (Physics of Plasmas, 3 (3), 781—791) has a unique representa-
tion, obtained in an explicit form. Some conclusions of the explicit formulation of the evolu-
tion equation are discussed.
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1. Introduction to the formulation

The magnetic induction equation

B, +Vx(Bxu)=0 (1.1)

is a constitutive part of the governing equations of ideal MHD [5]. In (1.1) u(t, x) is
the velocity field of a moving continuum, B(¢, x) is the magnetic induction field,
(t,x) refers to an inertial frame of reference, and the lower index ¢ indicates
the partial derivative with respect to t.

The magnetic induction equation has been studying by many authors, but in
the current study our concern is the following equation

B,+w-VB—B-Vw=\B, (1.2)

derived by Hornig & Schindler [7] for the evolution of the B-field and discussed
in [2,3,11]. In (1.2) w(t, x) is the velocity of the magnetic lines (the vector lines
of the B-field), A is ‘a scalar free function’.

If the solenoidal nature of the B-field (V - B = 0) is accounted for in (1.1),
then the former converts into the equation

B,+u-VB—-B:-Vu+ (V-u)B=0, (1.3)

exactly the same as the Zorawski criterion [13] for the B-field to be frozen in
the moving continuum. It follows from (1.3) that w, =w, and generally w) #u,
where w(t, x) =w, (,x) + w(t,z), u(t, ) =u, (,x) + u(¢,©), and the lower
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indices mean respectively local orthogonal and tangent directions to a magnetic
line. But (1.2) is surely to differ from the criterion [13], and from this there stems
our interest to the formulation (1.2) of the evolution equation for B(t¢,x) and
especially to function A.

2. Preliminaries of the formulation

Following [7]| we introduce some diffeomorphic mappings to study the formula-
tion (1.2) of the evolution equation for the magnetic induction.
The first one
=0, tX), XecD{t)CR3 t>t, (2.1)
maps domain D(t') onto domain D(t), t > t’, where X are coordinates parametri-
zing domain D(t') (sometimes called the Lagrangian independent variables), and
X = p,(t', X) (2.2)

is the identical mapping. The inverse mapping

X =,(t,x), xeD(t), t=t, (2.3)

acts in the opposite direction (in time).
The partial derivative of (2.1) with respect to time is called the velocity of
the mapping

Iy (t, X)
t,X)= "4 1"~ 24
o(t, X) = “Pul (24)
and is easily presented in the Eulerian independent variables a
u(t,x) = v(t, 1, (t,x)). (2.5)

Diffeomorphism (2.1) is responsible for the motion of the continuum and is
the only solution to the following Cauchy problem ‘in the whole’

dx
— =u(t,x),
dt (2.6)
z(t) = X'
The second one
x=0p,tX), XecD{)CR? t>t, (2.7)

maps domain D(¢') onto domain D(t), t > t', and

X = oy (t', X) (2.8)

is the identical mapping. The inverse mapping
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X =, (t,x), zeD(t), t=t, (2.9)

acts in the opposite direction (in time).
The partial derivative of (2.7) with respect to time is called the velocity of
the mapping

w(t, x) = 0wl X) . (2.10)
Ot | x=p,(t)

Diffeomorphism (2.7) is responsible for the motion (evolution) of magnetic
field B(t,x) and can be specified through velocity field w(¢, ). Newcomb [9]
and Stern [12] discussed some ways of specifying velocity filed w(¢,«) having
properties mentioned above.

The solutions to the following Cauchy problem

d
= = B(t.),
do xz,x €Dt), t=t, (2.11)

are called the magnetic lines (of the B field) and are given as the following dif-
feomorphism (the third one)

=gtz o), (2.12)

where o is a scalar parameter along the magnetic lines.
Diffeomorphism (2.12) is the only solution to the Cauchy problem (2.11), since

_ Oppg(t, @', o)

do (:c/7a)(2'—1>2):c

B(t,x) (2.13)

We note that ¢,,, ¢,, and ¢ g are called sometimes the (phase) flows for fields
u(t, ), w(t,x) and B(t,x), whereas in [3] ¢,, and @ g are called the generating
functions for w(t,x) and B(t,x).

3. The main proposition of the formulation

Now we present a fully geometrical proof of the formulation (1.2) of the evolu-
tion equation for the magnetic induction extended compared to that given in [7].
The proof is based on a reparametrization of diffeomorphism ¢ g introduced in [7]
and the commutation condition of flows (proposition 4.2.27 in [1]).

Proposition 3.1. If diffeomorphisms ¢,, (2.7) and ¢ g (2.12) commute, the latter
being reparametrized the proper way; then the resulted evolution equation for
the B-field is determined uniquely.
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Proof. Let an arbitrary instant ¢’ be the reference one. This means that the Car-
tesian coordinates x at ¢’ are considered to be the Lagrangian ones: X =z. Then
take a magnetic line I'(#’) and parametrize it due to diffeomorphism ¢ g as follows

r = %B(tcwMa U) 3

where M € ['(t') is an arbitrary point: y; = @ g (', Tpp, opp)- Choosing an infini-
tesimal increment Ao of the parameter we determine point N € T'(t):

N = @p(t, Ty, on) oy =om + Ao

At instant ¢’ + At, where At is an infinitesimal increment of time, diffeomor-
phism ¢,, maps magnetic line I'(t) onto a magnetic line I'(¢' + At). The latter is
the image of the former due to diffeomorphism ¢,,, if we assume that the magnetic
lines are ‘frozen’ in the moving continuum, this implies that w, = u, and gene-
rally w), #* wj.

Diffeomorphism ¢,, maps points M, N € I'(t') into points M', N’ € T'(#' + At)
as follows

{le = Sow(t/ + At, XM) )
:DN/ = (,D,w(t/ + At, XN) y

and finally, at instant ¢’ + At diffeomorphism ¢ g maps point M’ into point N”

TN = QDB(t/ + At, Ty s O'M//) s

where oy = opp + Ao, and xzyp = gt + At, zpp, opp)-

Generally speaking, N” # N’, that is there is no commutation of diffeomor-
phisms ¢,, and ¢ g (Fig. 1, a).

It is clear that for commutation to occur, the parametrization of magnetic
lines due to diffeomorphism ¢ g should be changed as

2= gpt.a alt,a,0), i3t (3.1)

where a(t',2’,0) = o, and the bar over the symbol of the diffeomorphism denotes
the proper reparametrization. The evident restriction to be imposed on function «
along magnetic line I'(#' + At) for diffeomorphisms ¢,,, ¢ 5 and @ to commute
(Fig. 1, b) is the following

CBN/ = @B(t,+At,xM/,OZN/), (32)
where

da(t' + At @y,
an = oy + Aar, Aa = o +8a,wM o) . Ao . (3.3)
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[(t'+Af) 9, I['(£'+Ar)

Fig. 1. Evolution of magnetic line I' between two instants t' and t' + At: infinitesimal
quadrilaterals MM'N'N formed by diffeomorphisms ¢,, and ¢ without commutation
(a: N’ # N") and by diffeomorphisms ¢.,, ¢ 5 and @p with commutation (b: N’ = N")

But we can easily find A« directly, without finding function «. Indeed, for
the reparametrized diffeomorphism @p we have (one should refer to (2.11) and
replace o with « in the differential equation for the magnetic lines)

dx
-~ _B
da ’

hence, the required expression for A« in (3.2), (3.3) is

X — Xy
Ao = .
CTIB{ £ At,xyy)|

Expanding the expressions for the coordinates of points N, M’ and N’ into
series with respect to At and Ac¢ and retaining only the terms of the first order
in At and Ao we obtain

dpp(t', zyp, on)

zN = @t Ty, op) + A gy =xzy +AcB(t', zy),  (34)
t', X .
Ty = pr(t,, X)) + At &Pw(a;l\/l) (2:8) Ty + Atw(t,’ Tng) s
(3.5)
/
T = (', XN) + At&'o“’(g;XN) (28 TN + Atw(t, zy) .

Using the obtained expressions for the difference xpny — Ty yields to
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:L‘N/ — ZUM/ (3:5) :CN — :BM + At <W(t,, :EN) — w(t,, :EM))

S B(t', xyp) + At (w(t/, Ty + Ao B(t', ) — w(t mM))

= Ao B(t,xy) + At Ao B(t',xzpp) - Vw(t', )

and the required expression for the proper value of A« reduces to the following

‘B(t,a $M) + AtB(t/7mM) ’ V'w(t’, mM)‘
OB(t', xyy)
ot

Ao =

Ac. (3.6)
‘B(t,scM) + At + Atw(t', xyy) - VB(t’,a:M)‘

Now we consider infinitesimal quadrilateral MM'N'N (Fig. 1, ) and set up

the following commutation equality for diffeomorphisms ¢,,, ¢p and @ g acting
on MM'N'N

@B (t, —+ At, (Pw(t/ =+ At, XM)? JN/) = (P,w (t, —+ At, (PB<t/, IBM, UN)) . (37)

The necessary and sufficient condition for the above equality to hold is the following
commutation condition [1]

2 2
[aiat ¢ (1, <Pw(t,X),Oz(t,m,U))] = [8?80 P (L goB(t,:c,a))], (3.8)

where the brackets herein after denote that a quantity enclosed is calculated
at point (¢',xy;). Using the defined derivatives (2.10) and (2.13) of ¢,, and ¢
in (3.8) yields to

;[B (t, P (t, X)) % a(t,m,a)] = % [w (t,ch(t,w,ff))}

The derivative of the term in the brackets at the right hand side of the above
equality is evident

Ipp(t, Ty, oMm)
do
and the same is true for the product in the brackets at the left hand side

Vw(t',zp) = B(t',zpp) - Vw(t', zy)

OB(t', xpg) Oyt ) , da , D

= (aB(g’th) Fw(t,zy) - VB(t’,a:M)> Bﬂ + B(t,zy) [8(?72375]'
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To calculate the first derivative on o and the mixed derivative of function «
we use the divided differences as follows

[304} ~ lim /]:BN/ — x| ~ lim £ —zL'M/H,B(t’,:BM)\ _
go | 20 [B(+ Atyxyg)| Ao 80 [y — 2y || B + At @y

)

|zny — 2y || Bt 2yy)|

- lim :]-7
3% T — oy | B + Atz )|
|.’L'N/ - :BM/| B |mN — ZCM| Aa
2 B(t' + At,x,,, B(t' Ao
#a]_  TBE+ALay)  Blal _ A
ot do At—0 Ao At At—0 At

Ac—0

For completing the calculation of the mixed derivative we consider the numerator
of the last expression separately as follows

UB—i—AtB-VwH

Ao ) (3.6)

'B+At88]?+Atw~VB'

‘B+AtB.VwHB+At%?+Atw-VB|

ot

'B+AtaB+Atw~VB‘

‘B+AtB-Vw‘+‘B+Ataa?+Atw-VB‘

X

B
‘B+AtB.Vw‘+‘B+Ataat+Atw'VB|

2 2
<B+AtB-Vw> —(B+At8£+mw-v3>

‘B—FAtaB—FAtu%VB'

ot

‘B+AtB-Vw‘+‘B+At68? +Atw-VBu

B-(Vw)-B-B-2Z _w.(vB).B+0O (Y

2At 5

‘B—FAtaB—i-Atw-VB'

ot

‘B+AtB-Vw‘+‘B+AtaEf +Atw.v3u
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Replacing the numerator of the expression for the mixed derivative of function «

with the above one and taking the limit at At — 0 we obtain the final expression
for the mixed derivative

oo

ot 0o

Gathering all the terms obtained when treating commutation condition (3.8)
we conclude that the required evolution equation for the magnetic induction reads

—)\——[‘B12<; o +w-(VB)-B—B-(Vw)-B>]. (3.9)

2
B,+w-VB-B-Vw— — (18’3‘

= BE2 o +w-(VB)-B—B-(vw)-B>B.

A
(3.10)

Arbitrariness of point (¢, x);) means that the equation obtained is valid at
any point (¢,x) € D(t) and this is denoted by dropping the brackets referring
to point (¥, xy;) in (3.8). O

4. The Galilean invariance of the formulation

The MHD phenomena in the non-relativistic limit are Galilean invariant [10],
but the original magnetic induction equation (1.1) does not obey the Galilean
transformation. It was Godunov [6] who showed that (1.1) transforms to formula-
tion (1.3) being Galilean invariant if the solenoidal nature of the B-field is accoun-
ted for explicitly. And what about evolution equation (3.10)7

Proposition 4.1. Evolution equation (3.10) is Galilean invariant.

Proof. Let (1,&) be an inertial frame of reference such that

T=1,
{ (4.1)
E=x—ta,

where a is a constant velocity, then velocity field w(t, ) and magnetic induction
B(t,x) observed in (7, &) and indicated by an asterisk are

{w*(T,ﬁ) =w(t,z) —a,
B*(1,6) = B(t,x).

When changing the frame of reference from (¢, x) to (7, &) the partial deriva-
tives transform as follows
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0B 0B* 0t . 0B
o = o T VeB) =%

—a- (VgB*) ,

hence, applying the above transformations to the terms on the left-hand side of
evolution equation (3.10) yields to

oB*
or

_ 0B
- or

The similar transformations are easily applied to the terms in the parentheses
on the right-hand side of evolution equation (3.10) as follows

—a-(V¢B*) +w" - (V¢B*) +a-(VeB*) — B*- (Vew")

+w - (VeB*) — B* - (Vew") .

+w"- (V¢B*)-B*+a- (V¢B*) - B"— B*- (Vaw") - B
OB

5+ w*- (V¢B*) - B* — B*- (Vew") - B*.

Gathering all the transformed terms we obtain the following evolution equation
for the magnetic induction in frame of reference (7, €)

1 [10|B*? .
= = -(VeB*)-B*— B*- (V.w") - B* | B*.
s g v (V) (Vew')
The resulted equation is seen to be the same as the evolution equation in
frame of reference (¢, ). This completes the proof. O

5. The incompleteness of the formulation

Function A in (3.10) looks if it were obtained directly from (1.2) by the dot
product of the former and the local vector B(t, x) as follows

B-B,+w-(VB)-B—-B-(Vw)-B=\B:B, (5.1)

nevertheless evolution equation (3.10) is obtainable by direct calculation of mixed
derivative (3.9) in commutation condition (3.8). This is an evidence that evolution
equation (3.10) is incomplete. Actually, the dot product of (3.10) and the local
vector B(t,x) produces the trivial identity 0 = 0, i.e., the evolution equation
being under consideration ‘works’ only in planes normal to the local vectors B(t, x).
The situation is clarified by the following
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Proposition 5.1. Evolution equation (3.10) for the magnetic induction is incomp-
lete, i. e., it actually includes only two evolution equations for two scalar quantities.

Proof. Let domains D(t),t > t', be parametrized using Cartesian orthogonal coor-
dinates & = (2, x4, x3), hence, B=(By, By, B3), w=(w;, Wy, w3), and evolution
equation (3.10) be rewritten in matrix form as the following quasilinear system
of the first order

3
ou ou
A (U) — A _(U; = G(U; 2
0( ) 8t +I; n( ,w) amn ( 7vw)’ (5 )
where
By \BP — BB —B, B, —B,B;
U= BQ ) AO(U) = —3231 |B\2 - B2BQ —3233 )
B3 —B3B, —B3B, |B‘2 — B3 B;

Ax(Usw) = Ag(U) C, (w) = C,(w) A(U),  Cy(w) = w, diag (1,1, 1) = w, E,

|B|2 ¢1(B; Vw) — ¢(B; Vw) B,
G(U;Vw) = | [B[*¢5(B; Vw) — ¢(B; Vw) By |,
|B|? ¢3(B; Vw) — ¢(B; Vw) By
@1, @q, and ¢4 being linear forms and ¢ being a quadratic form in the components

of the B-field as follows

3

3 3
¢(B;Vw) = > " BB, %ﬁj = ZTBL (Zl B,

k=1 1=1

ow,, 5
81‘ ) _LleL¢L(B7vw)

L

We use matrix notation U for the dependent variables in matrix formulation (5.2)
of evolution equation (3.10) and its constitutive parts and vector notation B in
the scalar functions and the entries of the matrices.

Matrix A is singular: det Ag = 0, rank Ay = 2, but being real symmetric it
has real eigenvalues: \; = 0, Ay = |B|*, A3 = | BJ?, and complete sets of the left
(rows) and the right (columns) normalized real eigenvectors

B, B By By B3 By
L(U) =R™(U) = |B|? | —BB;, —ByBy BBy + ByBy |,
—ByB, BB, + B3B; —ByB4



A Formulation of an Evolution Equation Governing Magnetic Lines 65

& _Bg _BQ

By By B,

R(U) = L_l(U) = % 0 1
By

1 1 0

The left and the right eigenvectors are normalized in such a way to diagonalize
matrix A as follows

L(U) Ay(U)R(U) = diag (0,|B|*,|B|*) =Q(U),  Ay(U) =R(U)Q(U)L(U).

Applying the above property to system (5.2) yields to

Q(U) (L(U) oy > Cu(w)L(U) gf) = H(U; Vw) , (5.3)

where the source term on the right-hand side has the following explicit form

0
H(U;Vw) = L(U)G(U; Vw) = | |B]? ¢3(B; Vw) — By ¢(B;Vw) |, (5.4)
|B|? ¢5(B; Vw) — By ¢(B; Vw)

whereas the terms on the left-hand side need to be simplified using a proper
transformation of the dependent variables U.

The proper choice of the variable transformation is prompted by the differential
terms on the the left-hand side of system (5.3) leading to the following matrix-
column product

B,BydB, + ByBsydB, + ByBs By
IB2L(U)dU = | —B,B;dB, — ByBsy dBy + (BB, + ByB,)dBs | |
—B,B,dB, + (B, B, + ByB;)dB, — B, Bs dBy

where scalar multiplier |B|? represents the non-zero entries of matrix Q(U).

The 1-forms given by the entries of the resulted column vector above and
denoted below respectively as w;, wy, and ws, are evidently to be integrable,
the integrating factors being as follows

1 1 1

HB: 7032—7032—

B, (B} + B3 + B3)
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Hence, we find that

/B2 + B?
0,(B) wy = dvy = d$,

2

/B? + B3
03<B)W3 - d'Ug - d$7

3

~—
ot
ot

~

and the new dependent variables are V(U) = (vy, vy, v3).
Eventually, the first differential equation of system (5.3) vanishes, whereas
the remaining two ones read

0 | V2 3 w, 0 0 Ug P2(U1,U2,U3;V’w)
o, |t ol O I
t Vg =1 L 0 wy 0z, U3 p3(vy, v, v3; V)

where

Pa(v1, 03, v5; V) = |6,(B) by (Bi Vo) .

p3(vy, v, v3; V) = [93(3) hy (B;V'w)} )
U—-Vv
and ho, hg are the two last entries of column vector H (5.4). Both equations of
system (5.6) are coupled through source terms p, and ps.
Finding the above system completes the proof. O

6. Conclusions of the formulation

1. Evolution equation (1.2) is uniquely determined by diffeomorphisms ¢,,,
¢pg and @p. This means that function A explicitly depends on the local values
of fields B(t, ) and w(t, ) and the partial derivatives of B(t,x) as it is seen from
formulation (3.10) of the evolution equation, rather than being ‘a free function’.

2. Evolution equation (1.2) is influenced by velocity field w(t, ), nevertheless
substituting velocity field w(t,«) into (1.2) does not convert the former into
magnetic induction equation (1.3), since in both formulations (1.1) and (1.3) of
the magnetic induction equation and in evolution equation (1.2) for the magnetic
induction the velocity fields have quite different meanings.

3. Evolution equation (1.2) is Galilean invariant similarly to formulation (1.3)
of the magnetic induction equation.

4. Evolution equation (1.2) is incomplete, since it is reduced to system (5.6) of
two partial differential equations for dependent variables vy, v5 (5.5). System (5.6)
needs to be supplemented with a constraint imposed on variables (v;, vy, v3), either
algebraic or differential, to admit the well-posed formulations [4,8| of IBVP.
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5. Variable v; (5.5) is introduced similarly to variables vy, vs using the left

eigenvectors but variable v; turns out to be blind to the sign of component B; of
the B-field, contrary to variables v,, v3 accounting for the signs of components B,
and Bj. Therefore, an other choice for v; may be more appropriate.
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