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Abstract. We study an optimal control problem for degenerate elliptic variation inequali-
ty with degenerate weight function of potential type in the so-called class of H-admissible
solutions. Using an appropriate regular algorithm of perturbation, we prove attainability
of H-optimal pairs via optimal solutions of some non-degenerate perturbed optimal control
problems.
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1. Introduction

The aim of this paper is to study optimal control problems associated to
degenerate elliptic variational inequalities in the so-called class of H-admissible
solutions. Dealing with degenerate problems leads us to the concept of weighted
Sobolev spaces such as W (Q, pdz) (see for example [5]), where p is degenerate
(in some sense) weight function, such that the differential operator associated to
our problem is not coercive in the classical sense. Hence, the classical approach to
investigate mentioned problems can’t be used. In [17] was proposed an alternative
method for solving optimal control problems for degenerate variational elliptic
inequality, using Hardy-Poincare inequality.

It is known that smooth functions are, in general, not dense in the space
W (82, pdz) that leads to the issues related to non-uniqueness of the setting of
correspondent boundary value problem and as a consequence, to several possible
settings of an optimal control problem associated to the mentioned control object.
If we consider the space H ({2, pdx) which is the closure of C§°(Q2) in W(Q, pdx),
then H (L, pdx) # W (Q, pdz), in general (see, for example [15]). In literature this
fact is called the Lavrentiev phenomenon.

In applications a degenerate weight function p appears as the limit of the
sequence of non-degenerate weights p®, for which the corresponding “approximate”
problem is solvable. In this paper we interested in attainability of H-optimal
solutions to degenerated problems via optimal solutions of non-degenerated prob-
lems, namely, we show that each optimal solution to the degenerate problem can
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be attained by admissible solutions to perturbed problems, however there exists
at least one optimal solution of degenerated problem which can be attained by
optimal solutions to appropriate perturbed problems.

2. Notations and preliminaries

Let @ C RY (N > 3) be an open bounded set with regular boundary 9 such,
that 0 € RY is an inner point of Q. Hereafter we will denote a locally convex
space of all infinitely differentiable functions with supports in by C§°(2).

Let p: 2 — R be a given function such that: p(x) > 0 a.e. on €,

pe L), pte L), VInpe LA(GRY) i p+p 1 ¢ L2(Q). (2.1

Hereafter, we assume that there exists a closed subset O of the set € such
that
dist(0,092) =¢e, p>e mc.B Q\O, 1 peL>®(Q\0O) (2.2)

for some € > 0. In other words we assume that conditions (2.1) are not typical
for boundary layer of the set 2.

Weighted spaces. We call a nonnegative function p with properties (2.1)—(2.2)
degenerate and consider weighted Hilbert spaces L?(2, pdz) and L?(2, p~!dx),
saying that

f € Lz(Q,pdSU) if ||f||%2(ﬂ,pdx) = /Qf2pdx < +0o0,

and g € L*(Q, p~ldz) if HgH%Q(Q pldn) = / g*ptda < 4o0.
’ Q
We define the space W = W(Q, pdzx) as a set of functions y € VVO1 ! for which

the norm
1/2
lyll, := </Qy2pdw+/Q!Vy|§dix> (2.3)

is finite, and the space H = H(Q, pdz) as the closure of the space C§°(2) with
respect to the norm (2.3).

Note, that spaces W and H are reflexive Banach spaces with respect to the
norm (2.3) due to the estimate

1/2 1/2

/IVy\dfc < /pVylgdﬂf /ﬂldx < Cllyllp,

Q Q Q

N 1/2
where [z = <z |nk|2) .
k=1

Since the smooth functions are in general not dense in the weighted Sobolev
space W, it follows that H # W, that is for a “typical” degenerate weight p
the identity W = H is not always valid (for corresponding examples we refer to



Optimal Control Problem for Some Degenerate Variation Inequality: Attainability Problem 39

[1,12,13]). However, if p is a non-degenerate weight function, that is, p is bounded
between two positive constants, then it is easy to verify that W = H = H}(Q).
We recall that the dual space of H is H* = W~12(Q, p~!dz) (for more details
see [5]).

Remark 2.1. [16, Remark 1] In the case when the weight p=1 € L1(£2), the space
H(Q, pdx) is continuously embedded into the space VVO1 ().

Let us consider the next concept |17]

Definition 2.1. We say p : {1 — R is the weight function of potential type it p
satisfies conditions (2.1)—(2.2) and there exists such constant C'(2) > 0, that the
following inequality is fulfilled:

A 20 (N —2)?

1 :
—C(Q) < —Alnp(z) — i\vmp\ﬁw < PR in Q. (2.4)
RN RN

In this case the function V(z) = —Alnp(z)—3|VIn pl is called Hardy potential
for the weighted function p.

Elliptic Variational Inequalities.

Let V be a Banach space and K C V be a closed convex subset. Suppose also
that A : K — V™ is a nonlinear operator and f € V* is a given element of the
dual space.

Let us consider the following variational problem: to find an element y € K
such that

(Ay,v —y)v > (f,v—y)v, YweEK, (2.5)

Referring to 9], we make use of the following assumptions.

Hypothesis 1. There exists a reflexive Banach space X such that X C V*,
the imbedding X — V* is continuous, and X is dense in V*.

Hypothesis 2. There can be found a duality mapping J : X — X™* such that
Vy € K, Ve > 0 there exists an y. € K such that A(y.) € X and

Ye +eJ (A(ye)) = v-
Theorem 2.1. [9, Theorem 8.7 Assume that Hypothesis 1 and Hypothesis 2

hold true. Let operator A : V. — V* be monolone, semicontinuous, bounded and
satisfy the following assumption: there exist an element vy € K such that

Ay, y — v
W/%—i—oo as |lyllv — oo, y € K.

Then for any solution y of variational inequality (2.5) the inclusion Ay € X takes
plase provided f € X.

Smoothing. Throughout the paper € denotes a small parameter which varies
within a strictly decreasing sequence of positive numbers converging to 0. When
we write € > 0, we consider only the elements of this sequence, while writing
€ > 0, we also consider its limit € = 0.
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Definition 2.2. We say that a weight function p with properties (2.1)-(2.2) is
approximated by non-degenerated weight functions {p°}.50 on  if:

pf(z) > 0ae. inQ, p°, (p°)~! € L®(Q), Ve > 0, (2.6)

o= p, (0°)P = pt in LY(Q) ase — 0. (2.7)

Remark 2.2. The family {p°}.>0 satisfying properties (2.6)-(2.7) is called the
non-degenerate perturbation of the weight function p.

Examples of such perturbations can be constructed using the classical smooth-
ing. For instance, let () be some positive compactly supported function such that
L®RN [ Q(z)dx = 1, and Q(x) = ¢(—x). Then, for a given weight function

RN
p € L (RN), we can take p° = (p)., where

loc

() = [ Q<$;Z>p(2)dzz [aGuarei @)
s

RN

In this case we say that the perturbation {p® = (p)c }e>0 of the original degenerate
weight function p is conctructed by the “direct” smoothing scheme.

Lemma 2.1. [10/Ifp,p ! € L}OC(RN) then the “direct” smoothing {p° = (p)e }e>0
possesses properties (2.6)-(2.7).

Weak compactness criterion in L'(€Q). Throughout the paper we will often use
the concepts of weak and strong convergence in L(€2). Let {a.}c~0 be a bounded
sequence in L(Q). We recall that {a.}.~0 is called equi-integrable if for any § > 0
there exists 7 = 7(6) such that [ |a.|dz < § for every € > 0 and every measurable

S

subset S C Q of Lebesgue measure |S| < 7. Then the following assertions are
equivalent:

(i) A sequence {ac}.~0 is weakly compact in L!(£2).
(ii) The sequence {a.}e>0 is equi-integrable.

(iii) Given d > 0 there exists A = A\(d) such that sup [ |ac|dz < é.
>0 {Jac|>8}

Theorem 2.2. (Lebesque’s Theorem). If a bounded sequence {a:}.~o C L*() is
equi-integrable and a. — a almost everywhere on 2, then a. — a in L' ().

Radon measures and convergence in variable spaces. By a nonnegative Radon
measure on () we mean a nonnegative Borel measure which is finite on every
compact subset of 2. The space of all nonnegative Radon measures on ) will
be denoted by M4 (€2). If u is a nonnegative Radon measure on 2, we will use
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L"(Q,dp), 1 < r < oo, to denote the usual Lebesgue space with respect to the
measure p with the corresponding norm

1/r
£l ,d) = /If(x)’"du
0

Let {pe}es>0, p be Radon measures such that . is s-weakly convergent to u in
M (2); that is,

e—0
Q Q

lim | pdu. = / pdu Vo € Co(®Y), (2.9)

where Co(RY) is the space of all compactly supported continuous functions. A
typical example of such measures is du. = p°(x)dz, dp = p(x)dx, where 0 < p& —
pin L1(Q). Let us recall the definition and main properties of convergence in the
variable L2-space [13].

1. A sequence {v. € L?(Q, du.)} is called bounded if

limsup/|vg|2d,u8 < 400.

e—0

2. A bounded sequence {v. € L?(£2,du.)} converges weakly to v € L*(Q, dpu) if

lim/vagodug = /vcpd,u
e—0
Q Q

for any ¢ € C§°(2) and we write v. — v in L*(Q, dpu.).
3. The strong convergence v. — v in L?(€, du.) means that v € L?(£2,du) and

lir%/vgzad,ug :/vzd,u as 2z — 2z In Lz(Q,dua). (2.10)
E—
Q Q

The following convergence properties in variable spaces hold:

(a) Compactness criterium: if a sequence is bounded in L?(€2, dy.), then this
sequence is compact with respect to the weak convergence.

(b) Property of lower semicontinuity: if v. — v in L?(2, dp.), then

liminf/|v€|2d,u5 > /U2du. (2.11)
e—0
Q Q

(¢) Criterium of strong convergence: v- — v if and only if v. — v in L?(Q, dpu.)
and
lim / v Pdpe = /’Uzd,u. (2.12)
e—0
Q Q

Let us recall some well-known results concerning the convergence in the variable
space L2(£2,du.).
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Lemma 2.2. [10,13,15] If {p®}c>0 is non-degenerate perturbation of the weight
function p(x) >0, then:

(A1) ((p°)7") = p" in LA(Q, poda).
(A2) Jve — v in L*(Q, p°dx)]= [ve — v in LY(Q)].

(A3) If a sequence {v. € L*(Q, p°dx)}e=0 is bounded, then the weak convergence

ve — v in L2(Q, p°dx) is equivalent to the weak convergence p*v. — pv in
LY(9).

(A4) If a € L*® and v- — v in L*(Q, p°dx), then av. — av in L*(Q, p°dzx).

Variable Sobolev spaces. Let p(x) be a degenerate weight function and let
{p°}e>0 be a non-degenerate perturbation of the function p in the sense of Defini-
tion 2.2. We denote by H (€, p°dx) the closure of C§°(£2) with respect to the norm
|| - | p=- Since for every e the function p° is non-degenerate, that is, p°® is bounded
between two positive constants, the space H (2, p°dx) (and the spaces L?(Q, p*dx)
and L2(, (p°) 'dx) ) coincides with the classical Sobolev space Hg () (with
L*()).

Definition 2.3. We say that a sequence {y. € H(Q, p°dx)}o>0 converges weakly
to an element y € W as € — 0, if the following hold: (i) This sequence is bounded.
(ii) ye — y in L2(Q, p°dx). (iii) Vy. — Vy in L2(Q, p°dx)V.

Compensated Compactness Lemma in variable Lebesque and Sobolev spaces.
Let p,q such that 2 < p < oo, 1/p+ 1/g=1 and let {p°}.~¢ be a non-degenerate
perturbation of a weight function p. We associate to every p® the space

X(Q, pfdz) = {fe LI(Q, podz)™| div (pff) € Lq(Q)} Ve > 0 (2.13)
with the norm

- - e 1/q
1Alxc@pan) = (1712 g pranys + 160 (6°F) 120y) -

We say that a sequence {f; € X(Q, psd:):)} . is bounded if
e>

lim sup HfSHX(Q,pEda:) < +o0.
e—0

In order to discuss the problem of H-attainability we need the following result.

Lemma 2.3. [3] Let {p°}c=0 be a non-degenerate perturbation of a weight func-

tion p(x) > 0. Let {fe Lq(Q,pEdm)N} . and {gecH(Q,pdx) }e>0 be sequences
e>

such that {fz}e>0 is bounded in the variable space X (Q, pdx), fo — f weakly in

LA(Q, p°dx)N, {g-}es0 is bounded in the variable space H (S, p°dx), g- — g in
LP(Q), and Vg. — Vg in LP(Q, p°dx)N. Then

lim [ ¢ (f;, Vga>RN pidx = /go (f_; Vg)RN pdx, Yo € CF° (). (2.14)

e—0
Q Q



Optimal Control Problem for Some Degenerate Variation Inequality: Attainability Problem 43

Further, we consider a special “lifting” operator
T. : LP(Q, pdx) — LP(Q, p°dx)

defined as follows

/Tgygopadzz: = /y(gp)spdx Vo € Cg°(Q), Ve > 0. (2.15)
Q Q

Firstly this operator was constructed in [14] for the case of an arbitrary measure.
Let us consider the following well-known result.

Lemma 2.4. [10, Lemma 7.2] Let p € L}OC(RN) be a degenerate weight function
and let {p° = (p)c}es0 be a “direct” smoothing of p. Then for every element
y € LP(Q, pdx) there exists a sequence {T.y € LP(Q, p°dx)}, . such that T.y — y
in LP(Q, pfdzx).

Let us recall that a function a € L?(Q, pdx) and a vector b € L?(, pdx)N are
related by the equality

div(pb) = a if /(b, V)rypdr = —/agopdx Vo € C5°(Q). (2.16)
Q Q

In a similar way, for a® € L?*(Q, p°dz) and b € L*(Q, p°dz)", we have

div(p®b®) = a® if /(bg, Vo)pnptdr = — /a‘E(ppde Vo € C5°(R2).  (2.17)
Q Q

Note that by arguments of completion, the above identities can be extended to
test functions from H and H (S, p°dx), respectively.

Lemma 2.5. [10, Lemma 7.3] If a € L*(Q, pdx) and b € L?(2, pdz)™ are related
by (2.16), then a® = T.a and b° = T.b are related by (2.17).

Following [10,11] we can give a dual description of the weighted Sobolev space
H. Let us consider two spaces: the first is Xg as the closure of the set {(y, Vy), y €
Cs ()} in L3(Q, pdx) x L(Q, pdx)N, hence, the elements of this space are pairs
(y,v), where y is a function in H and v = Vy is its gradient. The second space
Xg consists of pairs (y,v), where y € L*(Q, pdz) abd v € L?*(Q, pdz)" are such
that

/yapd:z: = —/(v,b)Rdix (2.18)
Q Q
for any (a,b) satisfying the conditions

a € L3(Q, pdx), be L*(Q, pdz)N, a = div(pb) (2.19)

It is easy to see that Xg and Xg are closed in L?(Q, pdz)N*! and Xg - Xg.

Moreover, from |10, Lemma 7.4] (or [11, Theorem 1]) we have that Xg = Xg.
The next Theorem establishes the possibility of passing to the limit as € — 0
in variable space H (€, p°dx).
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Theorem 2.3. [10, Theorem 7.1] Let p* = (p): be a direct smoothing of a
degenerate weight p € L}OC(RN) and let y° € H(, pfdz), y° — y in L*(, p°dx),
Vye — v in L2(Q, p°dx)N. Theny € H and v = Vy.

3. Setting of the Optimal Control Problem

Let K be a non-empty convex closed subset of the space W, and let K be
sequentialy closed with respect to the norm

Y 2
lyl? ::/Qydea:Jr/Q’Ver2V1n,oRdix. (3.1)

Let yoq € L2(Q), f € L?(Q,p 'dx) and ug € L?*(Q,p 'dz) be given dis-
tribution, and Up be a non-empty convex closed subset in L?(Q, p~!dx) such
that

Up={uecL?Q,ptds): |lu- uoll r2(0,p-1 doy) < R} (3.2)

Hereinafter functions u € Uy are considered to be admissible controls.
The main object we deal with in the paper is the following optimal control
problem for the variational inequality with control in the right hand side:
1 .
I(u,y) =5 lly - Yadll 72(0,pdz) — W, (3.3)
u € Uy, y€ K, (3.4)

/(Vy,Vv—Vy)RdiarZ/(f—i—u)(v—y) do, YveK.  (3.5)
Q Q

Let us consider the following linear operator related to the variational inequa-
lity (3.5):
A: W&’z(Q;pde‘) — (Wol’2(ﬂ;pdaz)) ,

that is defined by the rule:

<Ay7 Ll ?/>H(Q;pdx) - /Q (Vy, Vv — vy)RN pdll: Yo € K.

Here
(o Vi @upday © (H (4 pdz))™ x H(; pdz) — R
is the duality pairing. It is clear that
Ay = —div(p(z)Vy).
Similarly to [4] let us consider the next definitions.

Definition 3.1. We say that a function y = y(u, f) € K is a W-solution to
degenerate variational inequality (3.4)-(3.5) if

(=div(p(z)Vy),v —y)w > (f +u,v —y)w (3.6)

holds for any v € K.
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Definition 3.2. Let K be a closure in the space C§°(Q2) of the set K N CFo(2).
We say that a function y = y(u, f) € K is an H-solution to variational inequality
(3.4)-(3.5) if

<_ le(p(l’)Vy), U= y>H(Q;pda§) > <f +u,v— y)H(Q;pdz) (37)
holds for any v € K.

Remark 3.1. Tt is easy to say that the set K C H is closed and convex.

Let us remark that in the case when the function p is a weight function
of potential type in the sense of Definition 2.1 we can prove the existence and
uniqueness of W-solution for the inequality (3.4)-(3.5), namely the following result
takes place:

Theorem 3.1. [17, Teopema 2] Let p : Q@ — Ry be a weight function of potential
type. Then for given f € L?(Q, p~tdz) and u € Uy the variational inequality (3.4)-
(3.5) has unique solution y = y(u, f) € K such that y = z/\/p and z € H} ().

Remark 3.2. Similar result with Theorem 3.1 concerning existence and uniqueness
of H-solution to problem (3.4)-(3.5) can be easily obtained using similar argumen-
tation.

Taking this fact into account we can introduce two sets of admissible pairs to
the optimal control problem (3.3)-(3.5):

Ew ={(u,y) e Us x W]y € K, (u,y) are related by (3.6)}, (3.8)

Zn ={(u,y) €eUsgx H|y € K, (u,y) are related by (3.7)}. (3.9)

Hence for the given control object described by relations (3.4)-(3.5) with both
fixed control constrains (u € Up) and fixed cost functional (3.3), we have two
different statement of the original optimal control problem, namely

< inf I(u,y)> and < inf I(u,y)>.
(u,y)EEW (w,y)EEH

Having assumed that W # H for a given degenerate weight function p > 0, we can
come to the effect which is usually called the Lavrentieff phenomenon. It means
that for some u € Uy and f € L?(Q, p~'dz) an H-solution to problem (3.4)-(3.5)
does not coincide with its W-solution [13].

Remark 3.3. In view of Theorem 3.1 and Remark 3.2, the set Zp is always
nonempty.

Let us consider the following concept.

Definition 3.3. We say that a pair (u°,3°) € L?(Q, p~'dz) x H is an H-optimal
solution to problem (3.3)-(3.5) if (u%, ") € 25 and

1w’ y%) = inf  I(u,y)
(u,y)EEH
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Note that optimal control problem (3.3)-(3.5) is solvable, namely the following
result takes place.

Theorem 3.2. Let p(x) > 0 be a degenerate weight function of potential type.
Then the set of H-optimal solutions to problem (3.3)-(3.5) is non-empty Vf €
L?(Q, p~tdz).

4. Attainability of H-optimal Solutions

In this section we propose a regular algorithm of approximation (perturbation)
for the original degenerate optimal control problem (3.3)-(3.5) and it will be
shown that H-optimal solutions of mentioned problem can be attained by optimal
solutions of perturbed problems. Note that in view of Theorem 3.2 that the set
of H-optimal solutions to the problem (3.3)-(3.5) is non-empty.

Let p be a degenerate weight function with properties (2.2)-(2.1), and let
{pe}e>0 be a non-degenerate perturbation of p in the sense of Definition 2.2

Definition 4.1. We say that a bounded sequence
{(ue, ye) € Y(Q, pdz) = L*(Q, (p°) " da) x H(S, pdz)}eso

w-converges to (u,y) € L*(Q, p~tdx) x W in the variable space Y(Q, p°dx) as
e — 0, if ue — u in L*(Q, (p°)"'dz), y. — y in L*(Q, p°dx), Vy. — Vy in
L2(Q, pdx)N.

Definition 4.2. We say that a minimization problem
< inf  I(u, y)> (4.1)

is a weak variational limit (or variational w-limit) of the sequence

{<( inf Ia(ue,y5)> ; Ze CY(R, pfdx), € > O} , (4.2)

Ue ,ys)GEE

with respect to w-convergence in variable space Y(£, pdz), if the following con-
ditions are satisfied:

(1) if {ex} is a subsequence of {¢} such that ¢, — 0 as k — oo, and a sequence
{(ug, yr) € Z¢, }e>0 w-converges to a pair (u,y), then

(u,y) € Eg; I(u,y) < likm inf I, (g, Yr); (4.3)
—00

(2) for every pair (u,y) € Ef and any value § > 0 there exists a realizing
sequence { (e, s) € Y(Q, p°dx) }e>o such that

(Ue,Pe) € Ec Ve >0, (Ue,Je) w — converges to (U, y), (4.4)

la = all 201w + ly = 3l < 6, I(u,y) > limsup L(ie, ) — 5. (4.5)

e—0
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The last definition is motivated by the following property of variational w-
limits (for the details we refer to [2]).

Theorem 4.1. Assume that (4.1) is a weak variational limit of the sequence
(4.2), and the constrained minimization problem (4.1) has a solution. Suppose
{(ul,y2) € =} is a sequence of optimal pairs to (4.2). Then there exists a pair
(u®,y") € Eg such that (u2,y?) w-converges to (u°,y°), and
inf  I(u,y) =1I(u’y°) =lim inf I (ue,y.).
(w.y)EEH €0 (ue,ye)E€Ee

Let us consider the sequences {K.}.~o and {Uj}e>0 of non-empty convex
closed subsets, which sequentially converges to sets K and Up, respectively, in
the sense of Kuratovski as ¢ — 0 with respect to weak topology of spaces
H(Q, p°dx) and L?(Q, (p°)~'dx), respectively, and let Hypothesis 2 hold true for
X = L3(Q,(p°)"tdx) and V = H(S, p°dx) Ve > 0. Taking into account Theorem

4.1, we consider the following collection of perturbed optimal control problems
for non-degenerate elliptic variational inequalities:

1
Minimize < I.(u,y) = 3 / ly(2) — Yaq?dz 3 , (4.6)
Q

ueUs, ye K, (4.7)

<_ diV(pE(SU)Vy>, v = y>H(Q;p5drp) > <f +u,v— y)H(Q;pde) Vv € K, (48)

where the elements y,q € L?(Q), f € L*(Q,p~tdx) C L*(Q, (p°)'dx) are the
same as for original problem (3.3)-(3.5). For every € > 0 we define Z. as a set of
all admissible pairs to the problem (4.6)-(4.8), namely (u,y) € Zp if and only if
the pair (u,y) satisfies (4.7)-(4.8).

Let us discuss the optimality conditions for problem (4.6)-(4.8). Let V =
H(Q,pfdz), H = L?(Q2). Taking into account suggestions of the section 2, we
have that V and H are Hilbert spaces, and V' — H continuously and V is dense
in H. Let us denote by (+,-) the scalar product in H. Let us identify H with its
conjugated H*, and let V* be the space conjugated to V. Then V. C H C V* and
every space is dense in the next one and corresponding embeddings are continuous.
Let U = L2(%, (p°) tdx) be the control space (which coincides with L?(Q)),
Uj is convex and closed in U by the construction. Let us consider an operator
AV = VY Ay = —div(p®(2)Vy), and functions f and y,q as in previous
suggestions. For every control u € U the state y(u) is defined as the solution to
the following problem

Ay = f+u, y e H(Q,pdx). (4.9)

Let us consider for every u € U the cost functional

Ty) = 5 ly) ~ eallh (110
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The optimal control problem is to find such pair (u,y) € U§ x H(SQ, p°dx) that

J(u,y) = (vvy(v))EUingfH(Qpde) J(v,y(v)) with conditions (4.9). (4.11)

It is known that the solution of the optimal control problem is characterized by
the inequality
J(u,y(w)) (v —u) >0, Yo € Uj. (4.12)

Since, A is an isomorphism of the space V to V* (see for details [8]), then y(u) =
A7Y(f 4+ u), and then

Y () (v —u) = A (v —u) = y(v) — y(u).

Hence, (4.12) is equivalent to the following inequality:
(y(u) = Yad, y(v) —y(u)) =0, Vo € Uj. (4.13)

Let A* € L(V,V*) be the conjugate operator to A and it is an isomorphism of
V on V* as well as A. For the control v € Uj let us define the conjugate state
p(v) € V by the next relation:

A*p(v) = y(v) = Yad- (4.14)
Then
(A*p(w), y(v) — y(w) = (5(0) — yaar y(v) — y(w)) = (p(as), Ay(v) — Ay(us))
= (o), v — u) = (p(u), v — )y = / p(w)(v — u)da > 0,
Q

since p(u) € V C L*(Q, p°dz), v — u € L?(, (p°)~*dz). Similarly to [1, Theorem
1.4], obtained results can be formulated as the following theorem.

Theorem 4.2. Let a(u,v) = (Au,v) be a bilinear continuous and coercive form
on V, and cost functional be as in (4.10). The element u € Uj is the optimal
control if and only if the following relations are fulfilled:

—din(p(2)y) = f+u inQ, yev,
—div(p*(2)p) =Y — Yaa in Q, pEV,
/p(u)(v —u)dz > 0, Yv € Uj.

Q

Remark 4.1. Let us recall that sequential K-upper and K-lower limits of a se-
quence of sets { Ej }ren are defined as follows, respectively:

Ky —limE, ={y€ X :30(k) > 00,3y -y, VkEN: Uk € Eo(iy}
Ks—liimEk:{yeX:Hyk%yﬂkagEN:ykEEk}.

The sequence {E})}ren sequantially converges in the sense of Kuratovski to the
set E (shortly, Ks-converges), if £ = K¢ — limFy = Ks — limEj,.
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Lemma 4.1. Let {p° = (p)c}es0 be a “direct” smoothing of a degenerate weight
function p > 0. Let {(ue,y:) € Zc}eso be a sequence of admissible pairs to
the problem (4.6)-(4.8). Then there exists a pair {(u*,y*)} and a subsequence

{(ue,, Yo, ) ren of {(ue, ye) € Ecteso such that (ue, , ye, ) w-converges to {(u*,y*)}
as k — oo and (u*,y*) € Zpg.

Proof. Let us consider the following variational inequality:

<—div(pavy5),1}€ - y5>H(Q,p5dac) 2 <f T+ U, Ve — yE>H(Q,p€dac)v Ve € K. (415)

Let us show the bondedness of the sequence {ye}.~¢ in the space H(2, pdx). Let
us suppose that ||ye || g(q,pcdx) — 00 as € — 0. Then on the one hand

<—div(p5Vyg), Ye — U€>H(Q,p5da:)

1f + uell L2, (p5) - 1da) 1¥e — Vel L2 (0, peder) (4.16)
<f + uellp2(@,05)1da) 1Ye — Vel (@ pda) s Ve € Ke, Ve > 0.

On the other hand , for arbitrary fixed element v € K let us consider the sequence
{ve € K }c>0 such that v. — v in H(Q, p°dx) (note, that such sequence always
exists provided K = K, — limK_), and taking into account the definition and
properties of the space H (2, p°dz) and operator A : H(Q, p°dz) — (H (2, p°dx))*,
Ay, = —div(p*Vy.), we obtain such estimations:

<Ay67y6>H(Q,p5dx) = /(vytf?vyé)]RNpgdx Z Cl”yeHQH(ijsd;p)a Cl > 07
Q

(AYe, ye — ve) H(Qprdn) = CrllYellTrapeany = 1 V¥ell L2 pmdo) v | VVell 1200 pday -

Hence, we have the following relations

(—=div(p®V¥e), ye — U5>H(Q,p5dl‘)
1Ye — vellrr(o,peda)

L1921 g0 peaey — 1978 22060,y 1 V02 200 gty

HyEHH(Q,pEdz) + HUEHH(Q,pEda:)

CullyelFrq pran) = Collvell e peduy Ve | (02 pe )

HyEHH(Q,pEdz) + ||UE||H(Q,p5d:v)

Cl”yEHH(Q,pfdm) - CQ”UE”H(Q,dex)>

2 [yl i@ pea (
A\ el @ pean) + el @,pea
Cy — Cy el pein

2Mye T (2,0% o) — 00, €—=0,Cy>0
) )

= Hyé:”H(Q,psd:c) [[ve Il 2 (52, p* d)

HyE”H(Q,pEdm)
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since the sequence {v;}c>0 is bounded in H (2, p°dx). The obtained contradiction
with (4.16) implies that {y:}>0 is bounded in H(Q, p°dx). Note that from defi-
nition of sets Uj; we have that the sequence {u. € U5}.~ is bounded in the space
L3(9, (p°) " tdz).

Hence, there exists a subsequence {ej } of the sequence {¢}, converging to 0 and
elements u* € L2(Q, p~ldx), y* € L?(, pdx), v € L?(Q, pdz)™ such that u., —
u* in L2(Q, (p°)~Ydw), y-, — y* in L2(, p°dx), Vye, — ¥ in L*(Q, (p°) " tdz)N.
By Theorem 2.3, we have that y* € H and v = Vy* and, moreover, we have
y* € K and u* € Up.

In order to prove the lemma, it is left to pass to the limit in the inequality
(4.15) as e — 0. Let us take in Hypothesis 1 V = H(Q, p**dx), X = L?(Q2). In
this case it is easy to see that the imbedding X < V* is dense and continuous,
and the imbedding H(Q, p°*dz) — L?(Q2) is compact and dense (for details we
refer to [7]). Since f € L*(Q, p~tdx) C L3(, (p°*)~tdz) C L*(Q2), then in view
of Theorem 2.1 we have div(p**Vy,, ) € L*(Q) Vk € N. Let us consider the next
relation

/ div(p™ Vye, )pdz = — / (Ver, Voo)rn p™hda
Q Q

- — /(Vy*,Vgo)Rdim = /div(pVy)godm, Vo e C5°(Q), as k — oo.
Q Q

Hence, div(p®*Vy,,) — div(pVy) in L*(Q2) so the sequence {div(p**Vye,)}ren is

bounded in L?(12).

Let us consider the sequence g, := v, — ¥s,. We know that the sequence
{9e), }ken is bounded in H(Q, p°*dz) and g, — ¢ := v —y* in H(Q, p°*dz) as

k — oo, where {v., € K., }ren weakly converges to v € K in H(Q, p*kdx). In
view of properties of spaces L?(€, p°tdx) we have that the sequence {g, }ren is
bounded in L*(Q) and g., — g := v —y* in L?*(). Taking into account Lemma
2.3 we obtain

<_div(p5k ($)vy5k), Vey, — y8k>H(Q,p5kd:E)
- <—d1V(p((L‘)Vy), U= y*>H(Q,pdz)7 as k — oo. (417)

Let us consider the right hand side of the inequality (4.15).

/(f+u8k)(vfk _yak)dxz/fvakdx_/fyakd$+/uskvakd$—/Uakyakd$~
Q

Q Q Q Q

Let us represent the last term by the following way:

—/uakygkdxi/ueky*dx— —/ugk(yek —y*)dm—/ugky*da:.

Q Q Q Q
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Since ye, — y* in L?(Q, p**dz), Vy., — Vy* in L*(Q, p°*dz)Y, then

1/2 1/2
/ e, d < / e, 2%+ / ) lde | < Eqan,
(9] (9 Q
1/2 1/2
/ (Ve Jadex < / Ve, |29 do / () e | < Q).
Q Q Q

Therefore the sequence {y., }ren is equi-integrable on 2 and bounded in VVO1 ().

In view of compact embedding VVO1 1(Q) < LY(Q), there exists an element § such

that y., — ¢ strongly in L'(). However, it is easy to see that y., — y* in L}(Q).

Hence, y* = 7 a. e. on Q. And we have that [ ue, (ye, —y*)dz — 0, k — co. Since
Q

ue, — u* in L2(Q, (p*)~ldx) and y., — y* in H(, p¥rdzx), and L?(€, (p°+)Ldx)
is the conjugate space to L?(Q, p*dx), it follows that

/fvskdxé/fvd:zr, /fygkdx%/fy*dzz:,
Q Q Q Q
/uskvekdac% /u*vd:):, /uakyek — /u*y*dw.
Q Q Q Q

Hence, the limit inequality for the inequality (4.15) has the form:
(=div(p(z)Vy*),v — y*>H(Q,pd:ﬂ) > (f+u*v— y*>H(Q,pd:c)' (4.18)

Moreover, in view of previous suggestions, we have

khm <_d1V(PEkV3/ek)a ’Usk - y€k>H(Q,pEkdaE)
— 00

= (=div(p(2)Vy"), v) (2 pd) — likm sup / (Ve Ve, Jrv pey d
—00
> (f +u" v = ¥") H(Q,pda) s
or

limsup/(Vygk,Vyek)RNpgkdx
k—o00
< (=div(p()Vy*), 0) r,par) — (f + 050 — ¥ ) ppan), Y0 € K.
Having put in the last inequality v = y*, we get
limsup/ \Vye, [*pdx < / \Vy* | pdz,

k—o00
Q

that together with the property of the lower semicontinuity with respect to the
weak convergence in L2(Q, ptdx), gives us that Vy., — Vy* in L*(Q, p**dx)V,
k — o00.The proof is complete. O
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As an evident consequence of this lemma and the lower semicontinuity pro-
perty of the cost functional (4.6) with respect to w-convergence in the variable
space Y(£2, p°dz), we have the following conclusion.

Corollary 4.1. Let {ex} be a subsequence of indices {e} such that e, — 0 as
k — oo, and let {(ug,yr) € Zc, tren be a sequence of admissible solutions to
corresponding perturbed problems (4.6)-(4.8) such that (ug,yr) w-converges to
(u,y). Then properties (4.3) are valid.

To discuss properties (4.4)-(4.5), we give a result which is reciprocal in some
sense to Lemma 4.1.

Lemma 4.2. Let {p° = (p)e}e>0 be a “direct” smoothing of a degenerate weight
function p(x) > 0 and let (u,y) € Eg be any admissible pair. Then there exists a
relizing sequence {(1., yc) € Y(Q, p°dx)}es0 such that

(tie, §e) € e Ve > 0, G — u in L*(Q, (p°) " tdz); (4.19)
g =y in L*(Q,p°dx), V. — Vy in L*(Q, p°dx)N. (4.20)

Proof. Let us construct the sequence {(ic, Jc)}e>0 as follows:

/Q u(x +ez)dz (4.21)

Je € H(Q, p°dx) is an H-solution of (4.8) corresponding to w = t.. (4.22)

Let us show that for every ¢ > 0 the pair (4., g-) is admissible to the corresponding
problem (4.6)-(4.8). Indeed, as follows from [10] there exists C' > 0 such that

) <C [ u(x +ez)dz
/

Taking into account the last inequality, properties of functions p and w, using the
replacement of variables in double integral, we have:

2

||ﬁs||%2(g’p—1dz) / /Q u(z +e2)dz | pldx

2
< / /u(x +ez)dz | plde < Cl//’LLQ(I +e2)p tdzda

Q \Q
= C2”U”L2(Q o™ 1||L1 < C3”“”L2(Qp ldg) o™ 1HL1 < o0,

where C1, Cy, C5 are some positive constants. Hence,

e € L*(Q, p~tdx) € L*(Q, (p°) dz),
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Ve > 0. Let T. : L*(Q, pdx) — L?(, p°dz) is a “lifting” operator, constructed in
(2.15). Since p~tu € L23(9, pdz) (for details we refer to [10]), then

lim | d.0(p%) " 'de = lim | u(p)-(p°) da
e—0 e—0
Q

Q
=1lim [ p~ u(p)e(p®) " pda = lim/Ta(p‘IU)so(pE)‘lpadw
e—0 e—0

Q Q

=lim | T.(p 'u)pdx = /ugop_ldx.
e—0
Q Q

Taking into account properties of “lifting” operator (see Theorem 2.4), we have
that 4. — u in L*(€, (p°)"'dz). In view of the definition of Uj, we have that
t. € Ug. Thus, we conclude that the sequence {(tc,%:)}e>0 € Zc. As a result,
following arguments of the proof of Lemma 4.1, we have that § — y in L?(Q, pdx)
and Vj. — Vyin L?(Q, p°dx)" as e — 0, where y = y(u), for any subsequence of
{9 € H(Q, p°dz)}.~0 and, hence, for the entire sequence. Here (u,y) € Zg is a
given H-admissible solution to problem (3.3)-(3.5). This concludes the proof. O

Corollary 4.2. Lemma 4.2 implies the equality I(u,y) = liné I (te, Je)-
E—>

As an obvious consequence of Definition 4.2, and Lemmas 4.1-4.2 with their
Corollaries, we can give the following conclusion.

Theorem 4.3. Let {p° = (p)e }e>0 be a “direct” smoothing of a degenerate weight
function p(x) > 0. Then the minimization problem (3.3)-(3.5) is a weak varia-
tional limit of the sequence (4.6)-(4.8) as € — 0 with respect to the w-convergence
in the variable space Y(Q, p*dx).

5. General cinclusions

In this paper we substantiate the validity of an H-attainability concept. Note
that it can be considered in the case of solvability of initial degenerate optimal
control problem and corresponding approximate problems. In order to verify that
the set of optimal solutions to initial degenerate OCP is not empty, we invoke the
concept of degenerate weight function of potential type (see for details [17]). Also
for non-degenerate perturbed OCPs we construct the optimality conditions. As
far as we show that at least one optimal solution to the problem (3.3)-(3.5) can
be attained by optimal solutions to perturbed problems (4.6)-(4.8), and therefore,
we can apply the derived optimality system for € > 0 small enough to characterise
the attainable optimal pairs to the initial optimization problem.
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