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ON EXISTENCE OF BOUNDED FEASIBLE SOLUTIONS
TO NEUMANN BOUNDARY CONTROL PROBLEM FOR
p-LAPLACE EQUATION WITH EXPONENTIAL TYPE
OF NONLINEARITY

Peter I. Kogut* Rosanna Manzol Mykola V. Poliakov?

Abstract. We study an optimal control problem for mixed Dirichlet-Neumann boundary
value problem for the strongly non-linear elliptic equation with p-Laplace operator and
L'-nonlinearity in its right-hand side. A distribution u acting on a part of boundary of
open domain is taken as a boundary control. The optimal control problem is to minimize
the discrepancy between a given distribution yq € L2(2) and the current system state. We
deal with such case of nonlinearity when we cannot expect to have a solution of the state
equation for any admissible control. After defining a suitable functional class in which we
look for solutions and assuming that this problem admits at least one feasible solution,
we prove the existence of optimal pairs. We derive also conditions when the set of feasible
solutions has a nonempty intersection with the space of bounded distributions L ().
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1. Introduction

Let © be a bounded open subset of RN (N > 1). We assume that its boundary
09 is of the class C!. So, the unit outward normal v = v(x) is well-defined for
HNV"La.a. x € 09, where a.a. means here with respect to the (N —1)-dimensional
Hausdorff measure HV~1. We also assume that the boundary 0 consists of two
disjoint parts 92 = I'p U Ty, where the sets I'p and I'y have positive (N — 1)-
dimensional measures. Let F': R — [0, +00) be a mapping such that F € C} (R),
F' is a non-decreasing positive function, and there exists a constant Cp > 0
satisfying

0
F'(2) > CpF(z), Vz€R and ’/ 2F'(2) dz| < 4o0. (1.1)

Further we define the function f € Cjoe(R) as follows: f(z) = F'(z).
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Let p, 7, and ¢ be real numbers such that p > 2, ¢ > %, and r > p/,

where p’ = p%l is the conjugate exponent to p.

We are concerned with the following optimal control problem for a nonlinear
elliptic equation with p-Laplace operator:

1 1 /
Minimize J(u,y) = 2/Q ly — ya|* dx + p,/F |ulP" dx + (;/Q|f(y)\rdac, (1.2)
N

subject to constraints
—div (|Vy|""*Vy) = f(y) +g in Q,
y=0 on I'p, |Vy|P20,y=u on Ty, (1.4)
w€ Wgg C LV (Ty), y € Wy (% Tp), (1.5)
where o > 0 is a given weight which is assumed to be small enough, 2,4 is a closed
convex subset of L (T'y), g € LI(Q) and yg € L*(Q) are given distributions.
Let Cg°(RY;Tp) = {p € C(RY) : ¢ =0on I'p}. In what follows we asso-

ciate with the optimal control problem (1.2)-(1.5) the Banach space Wol’p(Q; I'p)
which we define as the closure of C§°(RY;T'p) with respect to the norm

1/p
_ p
gy = ( [ 907 )

So, we can suppose that each element of the space Wol’p(Q; I'p) has zero trace at
the T p-part of boundary Q. Let W1 (;Tp) := (W(}’p(Q; rD)) be the dual
space to WHP(€;Tp).

Definition 1.1. We say that (u,y) € L¥ (Dx) x Wol’p(Q; I'p) is a feasible solution
to the problem (1.2)—(1.5) if

e v is an admissible control, i.e. u € Ayy;
o J(u,y) < 4o0;

e the function y = y(u) is a weak solution to the boundary value problem
(BVP) (1.3)-(1.4) for a given control u, i.e.y € Wol’p(Q; I'p) and the integral
identity

/Q\Vy!p2 (Vy, Vo) dw:/ﬁf(y)sodﬂﬂr/

INY

ugod’HNl—i—/ggodaz (1.6)
Q

holds for every test function p € C$°(RY;T'p).
We denote by E the set of all feasible solutions to the problem (1.2)—(1.5).

Equations like (1.3) appear in a number of applications. In particular, it
has been applied for the description of a ball of isothermal gas in gravitational
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equilibrium, proposed by lord Kelvin [7] in the study of stellar structures [7]. It
has been also actively investigated in connection with combustion theory (see,
for instance, [9, 12, 14]). However, it is well known that the indicated BVP is
ill-posed, in general. It means that there is no reason to assert the existence of
weak solutions to (1.3)~(1.4) for given g € L4(2) and u € L” (T'y), or to suppose
that such solution, even if it exists, is unique (see, for instance, .M. Gelfand [12],
H. Brezis and J.L. Vdzquez [3], M.G. Crandall and P.H. Rabinowitz [13], F. Mignot
and J.P. Puel [22], T. Gallouét, F. Mignot and J.P. Puel [11], H. Fujita [10],
R.G. Pinsky [24], R. Ferreira, A. De Pablo, J.L. Vazquez [8|). In view of this it
is worth to emphasize the following result (see [2]): there exists a finite positive
number \*, called the extremal value, such that the boundary value problem

—Ay =X’ +v in Q, y=0 on 0N (1.7)

has at least a classical positive solution y € C?(2) provided 0 < A < A* and v = 0,
while no solution exists, even in the weak sense, for A > A*. In the case A = \*
and v = 0, this problem admits the existence of the so-called singular solutions
u € H(Q) that do not belong to L>(Q). Thus, in the context of the optimal
control problem that we deal with in this paper, there is no reason to suppose
that a weak solution to (1.3)—(1.4) for given u € L (Ty), and g € LI(Q), even
if it exists, is unique and bounded. Moreover, to the best knowledge of authors,
the existence and uniqueness of the weak solutions to the original BVP is an
open question for nowadays. In view of this, we adopt the so-called non-triviality
assumption:

Hypothesis A. For given f € Cjo.(R), g € LY(Q), yg € L*(Q), and g, the
set of feasible solutions Z is nonempty.

Before proceeding further, it is worth to note here that some optimal control
problems, related with the Dirichlet problem (1.7), was first discussed in detail
by Casas, Kavian, and Puel [5]. The questions of existence and uniqueness of
optimal solutions were treated and optimality systems have been derived and
analyzed in [5]. At the same time, analogous results for the case of nonlinear
elliptic equations (1.3) with mixed boundary conditions (1.4) remain arguably
open. Some related questions in this field can be found in the recent papers [15,16]
(see also [6,18,19]).

We also emphasize that the corresponding strongly nonlinear differential ope-
rator — div(|Vy|P~2Vy) — f(y) is not monotone and, in principle, has degeneracy
as Vy tends to zero. Moreover, when the term |Vy|P~2 is regarded as the coefficient
of the Laplace operator, we have also the case of unbounded coefficients. Because
of this and specific properties of the function f(y), there are serious hurdles to
deduce an a priori estimate for the weak solutions of BVP (1.3)—(1.4) even in the
standard Sobolev space I/VO1 P(). On the other hand, the existence of bounded
feasible solutions to the problem (1.2)-(1.5) is a crucial characteristic for the
wide spectrum of investigations related with this problem: differentiability of the
state y(u) with respect to the boundary control u, deriving and substantiation
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of optimality conditions, and many others (see, for instance, [4]). In view of this,
our main concern in this paper is to discuss the existence of bounded feasible
solutions to the optimal control problem (1.2)-(1.5). In particular, we are focused
on the following question: Let (u,y) be a feasible solution to the problem (1.2)-
(1.5). Which conditions should be imposed on p, 7, ¢, Q, I'y, u € LP (I'y), and
g € L1(Q) in order to guarantee the inclusions y € L*>(Q) and/or y € L>®(9Q)7
As was shown in the recent paper of the first author [17], the existence of at
least one feasible pair (u,y) with the extra property y € Wol’p(Q;I‘D) N L>(Q)
plays a crucial role for the substantiation of attainability of optimal pairs to the
problem (1.2)—(1.5) by optimal solutions of some fictitious optimization problem
for quasi-linear elliptic equations with coercive and monotone operators.

The plan of the paper is as follows. In Section 2 we give some preliminaries
concerning the original problem (1.2)-(1.5). In particular, we give the formal
statement of the boundary value problem and establish the necessary background
to its study. We also study in this section some auxiliary properties of the feasible
solutions to the Dirichlet-Neumann boundary value problem (1.3)-(1.4). In par-
ticular, we show that an a priori estimate for the weak solutions in Wol’p(Q)
can be derived if only such solutions are feasible to the original optimal control
problem. The key result of this section is Proposition 2.2, which gives the grounds
to suppose that the set of feasible solutions with L’p/(Q)—bounded nounlinearity
f(y) is weakly closed in VVO1 P(Q)). The existence of optimal boundary controls is
discussed in Theorem 2.2. We give the proof of our main results in Section 3 and
they can be stated as follows.

Theorem 1.1. Let p,q,r be exponents such that

N N
1<p<N, q>max{;p} and r>max{;p}. (1.8)
p p—1 p p—1
Let (u,y) be a feasible solution to the problem (1.2)—(1.5) and let u € L*(Ty) for
some N1
t > max ;;L : (1.9)
p—1 p—1
Then
y € WoP(uTp)NL®(Q)  and  ~o(y) € WYPP(Ty) N L¥(Ty),
where ~o : WP (Q; T p) — WYP'P(Dy) stands for the trace operator.
Theorem 1.2. Let p,q,r be exponents such that

p>N, q> P and TZL. (1.10)

-1 p—1
Let (u,y) be a feasible solution to the problem (1.2)—(1.5). Then

y € WyP(Q;Tp) N L=(Q).
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2. On Consistency of Optimal Control Problem (1.2)—(1.5)

As we mentioned before, it is unknown whether the original BVP admits at
least one weak solution for any admissible control u € A,y € LY (I'y) and a
given distribution g € L()). Hence, it is not an easy matter to touch directly on
the set of feasible solutions = to the original optimal control problem because its
structure and the main topological properties are unknown in general. To lighten
this problem, we make use of the following observation. Let (u,y) € ¥ (Tn) x
Wol’p(Q;I‘D) be an arbitrary feasible solution to the problem (1.2)—(1.5) in the
sense of Definition 1.1. Then f(y) € LPI(Q) and, therefore, the form [y,go]f =

Jo f(y)e dx is continuous onto the set

v = {y e WoP(Tp) | (uy) €. (2.1)

Indeed, in this case, for each ¢ € C§°(RY;T'p), we have

\ /Q fy)pda| < < / ‘ f(y),p,dx>1/pf < / ’dey .
o (o) ()
<1007 (£ 769) el oy -

Thus, it is easy to show by continuity that the integral identity (1.6) remains valid
for all o € W1P(Q;Tp). Hence, if (u,y) € Z then

/QVyl’H(Vy,VsO) dx = /Qf(y)socl:H /FN Yo(p)udH™ ™!
{9 Plw 10 @ p)ywr (D) (2.3)
holds true for all o € W1P(€;Tp), where
o dww @y wierp) P WP (5 Tp) x WHP(QTp) — R

denotes the duality pairing between W1 (;Tp) and WHP(€;Tp), and

v WP (T p) — WHP'P(Dy)
stands for the trace operator (see [21, Theorem 8.3]), i.e

(@) = ¢lp,, YeeW(Q;Tp)NCQ).

We note that the duality pairing <g,<p>W_1’p/(Q,FD)‘W1p(QF ) is well defined
for each ¢ € WP(Q;Tp) provided g € LI(Q) with ¢ > W Indeed, by
Sobolev embedding theorem, the space WP(Q;T'p) is continuously embedded in
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LP"(Q) with p* = A’;—J_Vp. Hence, by duality arguments, (Lp*(Q))* is continuously
embedded in W17 (Q; I'p). So, if we define

*\/ pN
. = = — 24
pe= ) = s (2.4
then we have LI(Q) C LP+(Q) ¢ W~ (Q;Tp), Vq> ﬁ. Hence,
(9, QO>W*LP'(Q;FD);WLP(Q;FD) < HgHW*LP’(Q;FD)H@HWLP(Q;FD)
< Cemll9llLa@llellwir@ry), Yo € WH(Tp). (2.5)

We also note that, in view of the compactness of the injection Wl/p/’p(FN) —
LP(I'y) and continuity of the trace operator v : Wh?(Q;Tp) — WYP'»(T'y),

10(D) Loy < Crollellwiorp), Ve € WHP(Q;Tp), (2.6)

we have

/F w0() AHY | < ull o 9] 20
N

< C’YOHUHLP/([‘N)HSOHWg»P(Q;FD) < +00. (2.7)

Taking into account these observations, we immediately arrive at the following
conclusion.

Lemma 2.1. Let (u,y) € L (T'y) x Wol’p(Q; I'p) be an arbitrary feasible solution
to the problem (1.2)—(1.5) in the sense of Definition 1.1. Then this pair is related
by the energy equality

/Q Wyl do = /Q y fy)de + /Q Yo(y)udH !

+1{g y>W’1”’/(Q;FD);W“’(Q;FD) : (2:8)

It is worth to emphasize that energy equality (2.8) makes sense if only the pair
(u,y) is feasible and it is unknown whether we can guarantee the fulfilment of this
relation for an arbitrary weak solution (u,y(u)) to BVP (1.3)-(1.4). Nevertheless,
taking into account the inequalities (2.2), (2.5), and (2.7), we can deduce from
(2.8) the following result.

Theorem 2.1. For fited p > 2, r > p/, and ¢ > %, let w e LY (Ty) and

g € LY(Q) be given distributions. Let y = y(u) € Wol’p(Q; I'p) be a weak solution
to BVP (1.3)-(1.4) such that (u,y) is a feasible pair to optimal control problem
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(1.2)(1.5). Then

L
T

ot (2)" g

ny(y)dx .

< (31)’—1 <p+ )

—1
vty

P+ oy 1oy ol
xmax{l,J<u,y)}+(p3p S
(2.9)

/ o’
/I _p T r /
917 5 gy <3 (1075 (5) 7+ Colp’ | max {1, ()

+377 1CemHngq (2.10)

Proof. Let (u,y) be a given feasible solution. Then relation (2.8) and inequalities
(2.2), (2.5), and (2.7), immediately lead to the following estimate

Iyl wirrpy = MWy @) + Collully ry) + Cemllgllzo), (2.11)

1 1
where || f(y)ll o ) < 19177 (L J(u,y))l/r < 400 by the feasibility property of

the pair (u,y). Since p—1 = p/p’ and Hu||i/p, < p'J(u,y), the a priori estimate

(T'n)
(2.10) is a direct consequence of (2.11).
In order to establish the estimate (2.9), we make use of the energy equality

(2.8) and the standard form of Young’s inequality. As a result, we obtain

’/ny(y)dw

<11y + (Gl ) + Comllgllzoey) Wz i)

1 1 v
= <1 i > s e t (Coollull ey + Cemllgllae)

p+1 , cr.
= Hpr 1p(QF )+2p [C’Iy)o‘](u7y)+ p/ HgHitz(Q)

2 (3)

gl )+ 27 [C%J(u,y)

ZL
s

p'—1
< (p+1)3

-|-C' ] max {1, J(u,y)}

p+1)3¥ -
R e o gl e |-

After simplification, we arrive at the expected estimate (2.9). O

The following Propositions reflect some interesting properties of feasible so-
lutions. In particular, Proposition 2.1 can be interpreted as some specification
of the well-known Boccardo-Murat Theorem (see L. Boccardo and F. Murat [1,
Theorem 2.1).
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Proposition 2.1. Assume that ¢ > p' =p/(p — 1). Let

{(uk7gk7yk)}k€N C Lp/(]__‘N) X Lq(Q) X WOLP(Q,PD)

be a sequence such that

flye) € LP(Q) for all ke N, (2.12)
up, — u weakly in LP' (Iy), (2.13)
gr — g weakly in LI(9), (2.14)
yr — y weakly in WyP(Q;Tp) and a.c. in €, (2.15)
f(yx) — f(y) strongly in  L(€), (2.16)
—div (|VyelP"2Vyr) = f(ue) + g 0 (CPRY;Tp))”, VEkeN, (217)
(k) =0 and [y(ye)" i (y) = ue, VkEN, (2.18)
where v1(y) = %‘F for all y € C1(2) N Wol’p(Q;I‘D). Then
N
Vyr — Vy strongly in L™ (Q)Y for any 1 <r < p. (2.19)

Proof. As follows from (2.17)—(2.18), the functions y, are the weak solutions to the
boundary value problem (1.3)-(1.4) for the corresponding controls uz € L (T'y).
For every € > 0, let T, : R — R be the truncation operator defined by

Te(s) = max {min {s,e” '}, —e7'}. (2.20)
Since T,—1 (yx — y) € Wol’p(Q; I'p), it follows from (2.12) that
o =To-1 (yx —y) € Wy (% Tp)

can be used as the test function in integral identity (2.3). Hence, for every k € N,
we have the relation

[ (VY= V92V 9T, (=) o = [ F0)Ters (=) d
‘|‘/ upyo (11 (Yx — y)) dHN ! + gk, Te—1 (yr — y)>W—1,P’(Q;I‘D);Wl,p(Q;FD)
'y
- /(; (\Vy|p_2Vy, VT, (yk - y)) de=Jy+ Jo+ J3 — Jy. (2.21)

Taking into account the fact that p’ > pN’l]]V\Hp and ¢ > p/, we can deduce

compactness of the embedding LI(Q) < W1 (Q;T'p). Then (2.14) and (2.15)
imply that

gr — g strongly in Wﬁl’pl(Q;FD),
T.-1 (yx —y) — 0 weakly in Wy?(Q;T'p) and strongly in LP(£).
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Thus, J3 — Jy tends to zero as k — oo. As for the term Jo, we see that, by
Sobolev embedding theorem, the injection W7 ?(I'y) < L"(I'y) is compact
forall 1 <r < p]N\,—:IIJ. Hence, by duality arguments, (L"(T'y))" is compactly

embedded in (Wl/p'vp(FN))*. So, if we define

_(N-1\ N-1,
s = N_pp - TN p

then we have p/ > r, and, therefore, the injection L (I'y) < (Wl/p/’p(FN)) is
compact as well. Thus, due to (2.13)-(2.15), we have

up — u strongly in (Wl/p,’p(FN)y and
Yo(yr) = Y0(y) weakly in WYP'2(Iy).

As a result, we obtain
Jy = / weyo(Te=1 (Y, — ) dHN 71 = 0 as k — oo.
'y

It remains to note that condition (2.16) leads to the inequality
J1 < CONTe (Ye — y) I (), VE €N

Hence, mollifying T (yx — y) and the poinwise convergence yi(z) — y(z) a.e. in
Q imply that

|J1‘ < C||T€71 (yk — y) HLOO(Q) <Cie, VkeN. (2.22)

Combining all issues given above, we can finally deduce that, for a fixed € > 0,

lim sup/ (IVyeP2Vye — [Vy[P2Vy, VTt (y, — y)) dz < Che. (2.23)
Q

k—o0

Let us define now the following functions
di(w) = ([Vyrl" Ve = [VyI"*Vy, Vyp = Vy) . k€N

and fix § with 0 < 8 < 1. In view of the initial assumptions, it is clear that
{di}en 1s a bounded sequence in L'(Q2) and

(IVyulP2Vy, — [Vy|P~2Vy, Vi, — Vy) > 227P|Vy;, — Vy|? (2.24)

by the strict monotonicity property of the p-Laplace operator. Splitting the set 2
into

SE={zeQ: |ylz) —y(a)l <e}, GE={zeQ : [y(z) —y(z)| > e}
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and using Holder inequality, we get
/did:c:/ dyde+ | dfdx
Q Sk Gk

0 0
< </ dkdaz> |S§19+</ dkdaz> |GF|A—0
Sk Gk

£

0
: </Q (V9" = [Vy"2Vy, VIt (g = ) dx) |51

[4
- (/ dkdx> |G|, (2.25)
Q

Since, for a fixed ¢, |G¥| tends to zero as k — oo, it follows from (2.23), (2.24),
and (2.25) that

lim sup/ (IVye — Vy|P)? da < 2°°=2) lim sup/ df dz < 20=2) (Cre)? |07,
k—oo JQ k—oo JQ

Letting ¢ tend to 0 and € tend to 1 this implies that |Vy, — Vy|P tends strongly
to 0 in L*(2) and thus, there exists a subsequence {ky}, cy such that

Vi, () = Vy(z) ae. in Q ask, = oo. (2.26)

Since {Vyk, } ey is a bounded sequence in LP(Q)%, it follows from Vitali’s theorem
that

Vyr, — Vy strongly in L"(Q)Y for any 1 <r < p. (2.27)
It remains to note that, in fact, we have the convergence in (2.27) for the whole

sequence {Vyy}cy because the limit Vy in (2.27) is independent of the subse-

quence {kn}, cn- O

Proposition 2.2. Assume that ¢ > p’ and 7 > p'. Let {(ug, yx)}peny C E be a
sequence of feasible solutions such that

sup J(ukv yk) < +00, (228)
keN

(ug, yk) — (u,y) weakly in LP (Dy) x Wol’p(Q;FD) as k — oo. (2.29)
Then (u,y) € E and
f(yr) = f(y) strongly in L'(Q) and weakly in L"(Q) as k — oo. (2.30)

Proof. By the Sobolev Embedding Theorem, the injection Wol’p(Q; I'p) — LP(Q)
is compact. Hence, the weak convergence y — y in WO1 P(Q;Tp) implies the
strong convergence in LP(2). Therefore, up to a subsequence, we can suppose that
yr(x) — y(x) for almost every point x € Q. As a result, we have the pointwise
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convergence: f(yx) — f(y) almost everywhere in €. Let us show that this fact
implies the strong convergence (2.30).

With that in mind we recall that a sequence { fi}, ¢y is called equi-integrable
on € if for any § > 0, there is a 7 = 7(0) such that [q|fi|dz < 0 for every
measurable subset S C 2 of Lebesgue measure |S| < 7. Let us show that the
sequence {f(yx)} ey is equi-integrable on €. To do so, we take m > 0 such that

m > 2L5 L, (2.31)
where
) [ e "1
L:(ylp_lmlTﬁ) o 2y
(p + 1) p —1 1 p —1 ' P’
X max {1,i1€1§ J(uk,yk)} + (p?) + ]?2 CemHgHLq(Q)'

We also set 7 = 0/(2f(m)). Then for every measurable set S C Q with [S| < 7,
we have

[ twaa= [ fdo+ [ Flye) da
S {z€S : yp(z)>m} {z€S : yr(z)<m}

1
<L ) do+ [ f(m) de
mM J{zeS : yu(z)>m} {z€S : yr(z)<m}
by (29) [ by 231) §
<  — < — 4+ —.
< ot fm)Isl < 5 +g

As a result, the assertion (2.30) is a direct consequence of Lebesgue’s Convergence
Theorem.

Let us show now that the limit pair (u,y) is a feasible pair to optimal control
problem (1.2)—(1.5). Indeed, in view of the initial assumptions and property (2.30),
the limit passage in the right-hand side of the equality

LWMW%menM=Aﬂ%mw+/uwﬂﬂ*
T

N

—i—/ggodx, Ve C&RY;I'p) (2.32)
Q

becomes trivial. Taking into account Proposition 2.1, we have, up to a subsequence,
the pointwise convergence (2.26). Since the sequence {|Vy|P~2Vy; }keN is bounded

in L (Q)N, it follows from (2.26) that

\Vyr, [P2Vyr, — |Vy[P>Vy almost everywhere in €,
IV, P2V, — [Vy|P~2Vy weakly in L ()"

This allows us to pass to the limit as k, — oo in the left hand side of the equality
(2.32). Thus, y is a weak solution to BVP (1.3)-(1.4) for the given u € L” (I'y).
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Since the set Aaq is convex and closed in LP (I'y), it follows that this set is
sequentially weakly closed in o (I'y) by the Mazur theorem. Therefore, the weak
convergence (2.29) implies that u € A4

It remains to prove that the limit pair (u,y) satisfies the condition J(u,y) <
+00. With that in mind we take into account the lower semi-continuity of the norm
in LP (I' ) x L?(Q) with respect to the weak convergence in LP (I'y) x Wol’p(Q; I'p)
and property (2.30). This yields

. by (2.29
tim [y =l de ™ & [y - gl a, (2.33)
— 00 (e} (9}
’ by (2.29) /
lim inf / lup [P dHN T > / ulP dHN L (2.34)
k—o0 9] 9]

In view of condition (2.28), we have

sup || f (yk) | (@) < +o0.
keN

Utilizing this fact together with the pointwise convergence

flyg) — f(y) a.e. in Q

that is a consequence of the property (2.30), we get f(yx) — f(y) in L"(2). Hence,

timinf /Q Fllr de > /Q @) de. (2.35)

As a result, we deduce from (2.33), (2.34), and (2.35) that

J(u,y) < liminf J(ug, yr) < sup J (ug, yi) < +o0.
k—o0 kEN

Thus, (u,y) is a feasible solution to the problem (1.2)—(1.5) in the sense of
Definition 1.1. The proof is complete. O

Now it is easy to show that, in contrast to the BVP (1.3)-(1.4), the corresponding
optimal control problem (1.2)—(1.5) is well-posed and consistent.

Theorem 2.2. Let p > 2, r > p/, and q > p’ be given exponents. Assume that for
a given distribution g € L9(Q) Hypothesis A is fulfilled. Then, for any yq € L*(Q),
optimal control problem (1.2)—(1.5) has at least one solution.

Proof. Since J(u,y) > 0 for all (u,y) € =, it follows that there exists a non-
negative value 1 > 0 such that p = inf, ye= J(u,y). Let {(ug,yr)}reny be a
minimizing sequence to the problem (1.2)-(1.5), i.e.

(uk,yp) €2 VkeN and klim J(ug, yp) = .
— 00
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So, we can suppose that
J(ug,yp) < p+1 forall ke N. (2.36)

Then taking into account the 1mpllclt form of the cost functional (1.2), Theorem 2.1,

and the fact that ¢ > p’ > m, we deduce the following estimates

/ IL
p'—1 0 171)7 (T) r / 1
Supllka W) = 5 €2 - +Clp'| max ,Sup J (ur, yr)
1 by (2:36) 1
+37=en lglly, < 3ten gl
p'—1 -2 (T pT
3|tk (a) +C”p' | (n+1), (2.37)
el oy <P sup J (uk, yi) <p(p+1), (2.38)
T T
1 wi)llzr ) < — sup J(uk, yk) < —(p+1). (2.39)
& keN o

Thus, without loss of generality, we can suppose that there exists a subsequence
of the minimizing sequence {(ug, i)} ey (still denoted by the same index) and a

pair (u,y°) € LP (Tx) x WP (;Tp) such that
(ug,y) — (u°,4°) weakly in LV (T'y) x Wy P(Q;Tp) as k — oo,  (2.40)
yr(z) = y°(z) ae. in Q. (2.41)
Utilizing properties (2.36), (2.40), and (2.41), we deduce from Proposition 2.2
that (u®,9°) € Z. To conclude the proof, it remains to take into account the

lower semi-continuity of the cost functional .J : L¥ (T'y) x I/VO1 P(Q;Tp) — R with

respect to the weak convergence in L? (I'y) x Wol’p(Q; I'p) and property (2.30).
This yields

,u:(ln)f J(u,y) = hm J(ug, yr) > J(u®,4%).
u,y)ESE

Thus, (u°,y°) € Z is an optimal pair to the problem (1.2)-(1.5). O
3. On bounded feasible solutions

Before proceeding with the proof of the main result of this paper, we begin
with some preliminaries.

Lemma 3.1. Let 1 < p < N and let s* = (]X,__lp)p, Then the following norms

1/p
e A\
1/p . N 1/s*
Iyl = (/ |Vypdx) +(/ no)l” dH )
Q I'n




On Existence of Bounded Feasible Solutions 21

are equivalent for Wol’p(Q; I'p).

Proof. Since the inequality Hy||W1,p(Q_FD) < |lyl|« is obvious, we focus on the
0 )

reverse one. With that in mind we remind that by continuity of the trace operator
vo : WHP(Q;Tp) — WPP(Ty), we have

H')/O(y)le/P’-,p(FN) < C’YOHyHWLP(Q;FD)7 Vy € WLP(Q;FD)-

Since, for p < N, the Sobolev space W/P'?(I'y) is continuously embedded in
L*(Tn) for all s € [1,s*], it follows existence of a constant Cs > 0 such that

oWz 0y < Cslo@llpri oy < CsCrollyllwrr@ry), — (3.1)

for all y € WHP(Q;Tp). Hence,

1
T+ ol (Ino@) e oy + 183 @uy) < Wlwio i)

Thus, the indicated norms are equivalent on WO1 P(Q;T'p). For our further analysis,
we make use of another representation for the last estimate. As immediately
follows from (3.1), we have

1
VuP s> 3 | e ey + [ FPds]. 32
[ s = 5 | e oW + [ 19
O

The next result reflexes some special properties of composition of I/VO1 P(Q;Tp)-
functions with regular functions and is a direct consequence of the well-know
Stampacchia Lemma.

Lemma 3.2 ( [20]). Let G : R — R be a Lipschitz continuous function such that
G(0) = 0. Then for every function y € Wol’p(Q; I'p) we have:

(i) Gly) € Wy (% T'p);
(it) VG(y) = G'(y)Vy almost everywhere in .

We note that at the first glance the equality in (ii) is not valid because a
Lipschitz continuous function G : R — R is only almost everywhere differentiable,
so that the right-hand side in (ii) may not be defined. On the other hand, we have
two possible cases: if k& € R is a value such that G'(k) does not exist, then either
the set {x € Q : y(z) = k} has zero measure or the set {x € Q : y(z) = k} has
positive measure. In the first case, since the identity VG(y) = G'(y)Vy only
holds almost everywhere, this value does not give any problems. In this latter
case, however, we have both Vy = 0 and VG(y) = 0 almost everywhere, so that
the identity VG(y) = G'(y)Vy still holds.
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In what follows, we will use the composition of functions of Sobolev space
WO1 P(Q;Tp) with the following Lipschitz continuous function

Gr(2) = 2 = Ti-1(2) = (|2] — k) sign (2), (3-3)

where k > 0 is a given value. Here, T},—1(2) stands for the truncation operator (see
(2.20)). Then Lemma 3.2 implies the following equality for Wol’p(Q; I'p)-functions

VGL(Y) = VY X{zeq : |y(z)|>k} almost everywhere in €2, (3.4)

where y 4 denotes the characteristic function of the set A (for the details we refer
to L. Orsina [23]).
The first result concerning the boundedness of the weak solutions of Dirichlet

boundary value problem for elliptic equations comes from Stampacchia classical
work [25].

Theorem 3.1. Let y € Wol’p(Q) be the weak solution of the following BV P
—div (|Vy\p72Vy) =g n
y=0 on 09,
where g € W=19(Q) and q > %. Then y € L>®(Q).
The proof of this result essentially based on the following technical lemma.
Lemma 3.3 ( [25]). Let ¢ : Rt — R be a nonincreasing function such that

@b(h)gm, Vh>k>0, (3.5)

where M >0, 0 > 1, and v > 0. Then ¢ (d) = 0, where
[
d' = My=1(0)25-1.
For the reader’s convenience, we cite the proof of this lemma.

Proof. We define the numerical sequence {d}},y as follows dj, = d(1 — 27F) for
each k € N. Let us show that

W(dy) < ()27, (3.6)

where 1 possesses the property (3.5). Indeed, inequality (3.6) is clearly true if
k = 0. If we suppose, by the induction, that it is true for some k, then (3.5)
implies

1) .
My° (dy) < MyS(0)2~ 520+ g :w(0>27%
(diy1 — di)?
Since (3.6) holds for every k, and since v is a non-increasing function, it follows
that

Y(dit1) <

ky

0 < ¢(d) < liminf4(dy) < lim 9(0)27 -1 = 0.
k—o0 k—o0

The proof is complete. O
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We are now in a position to prove the main result of our paper that has been
announced in Theorem 1.1.

Proof. Let k > 0 and let (u,y) € E be a feasible solution to the original optimal
control problem. We define the set (i as the bigest closed subset of ) such that

Qe C{r e : |Vyl <Ek}.

Hereinafter, we suppose that the parameter k varies within a strictly increasing
sequence of positive real numbers tending to co and such that

Ap = O\ (3.7)

is an open set with Lipschitz boundary for each k and {A},., form a strictly
monotone by inclusion (i.e. A, C Ay for h > k) sequence such that limy_, |Ax| =
0. We also set

Ing:={celn : |y (o) >k}. (3.8)

By definition of the trace operator 7o : WhP(Q;Tp) — WYP'P(Iy), we can
suppose that I'y, C A for each £ € N within a subset of 'y with zero
Hausdorff surface (N — 1)-dimensional measure.

Since the integral identity (2.3) is valid for each function ¢ € WP(Q;T'p), we
chose ¢ = Gi(y) as the test function in (2.3). Here, G(z) is defined in (3.3). Then
Gr(y) = Gr(y)xa, a.e. in Q, and, by Lemma 3.2, VGi(y) = Vyxa, for almost
all z € Q. Moreover, the inclusion I'y ;, C 0Ay, implies the following relations

Y0(Gr(y)) = Ge((y)) and Gr(v0(y)) = Ge(70(y))Xxry, ae on Iy.

Using the fact that g € LI(Q) and ¢ > p’ (see (1.8)), we deduce from (2.3) that

<gvGk(y>>W—1,p’(Q;FD);WLP(Q;FD) :/QgGk(y) dx

and, therefore,
[ NGl de= [ 1Vl (. V), do = [ 1)Gulw) do
A Q Q
+/F %0(Gr®)udHY ™+ (g, Cu(¥)y—10 (i pywie @i p)
N

= [ Fw)Cu)da+ / 20(Grly))u dHN ! + / 4G (y) de
Ap 'y Ap

=1L+ 1)+ Is. (39)

In order to estimate the terms I;, we make use of the Hélder inequality and the

following facts: W, ?(;Tp) < LP"(Q) and W/P'P(Dy) < L (I'y) with con-
Np (N-1)p

tinuous embedding for p* = Np and s* = Np

, respectively. As a result, we
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have
ns(f ISP d:c)’“l* (/ (G dx)”l* (3.10)
Ir < < /F . Juf* drc) ( /F . Ho(Gr () dm) (3.11)
ne(f ol iz 8 (/ (G i ” (3.12)

where s, = (s*) = p%l% and p, is defined by (2.4).
To estimate the left-hand side of (3.9), we make use of the well-known Sobolev
inequality. Namely, in view of the Sobolev embedding theorem there exists a

constant S, (depending only on N and p) such that

1
IGEW) | o (ay) < Sp (/A VG (y) P d:c> provided 1 < p < N. (3.13)
k

Then utilizing (3.13), Lemma 3.1 (see (3.2)), and our assumptions with respect
to the set A; and its boundary, we obtain

1 1
p _ p p

v
‘,_. DO |

1 » 1 ,
[t PG 1+ S IGe)

. 1 1 P
> gmin{ e g § [I0GHODaw ryy + 16K a0

~ p
=C {H’Y(J(Gk(y))HLs*(rN,k) + HGk(y)HLP*(Ak)] : (3.14)

Combining this issue with estimates (3.10)-(3.12), we see from (3.9) that

~ p—1
C |Gl ) + Gl a0
< NF@) e ary + lgllocay) + lullpoe oy - (3:15)
We now take h > k so that

Ah - Ak and Gk(y) >h—Fk on Ah,
FN,h - FNJ€ and ’yo(Gk(y)) > h—k on FN,h-

Then we have

1GE W)l o (4, = </Ak |Gr(y) " dm) 1/p* > </A}

1/p*
Galy) P dx)

> (h— k)| Anl"P", (3.16)

1
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1/s*
s* dHNl)

1/s*
> (/ IGe(y)|* dHN_l) > (h=k)Tnn
In.n

10 (GrW)Lo (ry ) = (/r |G (y)

s"(3.17)

Since

it follows that

~ p
ClIM0(GRONN o (v + 1K) o (4]

by (3.16)-(3.17) . N 17p—1
> Ok | 4 Dy 7]

p—1

> O(h— kP () 7 (3.18)

where

W(h) == |Ap| + [Tnpl 71, (3.19)

For our further analysis, we make use of the following observations. Since, by the
initial assumptions, we have

Np

————— and gq,r>7p, 3.20
Np—N+p G =P (3.20)

p > p.=

it follows by the Holder inequality that

1/p- 1 g—px
\gummk)—( / \g\p*dx) < lgl o Anl = 55, (3.21)
k

r—Px

1/p« 1
\|f<y>r\Lp*(Ak>:(A If(y)l”*da:) < @A (3.22)

As for the term ||u||ps.(ry ,) in (3.15), following the similar arguments and
taking into account the inclusion u € L!(T'y) for ¢ satisfying condition (1.9), we
get

1
o t—sx
[ull Los (0 i) = (/r |ul* dﬂ?) < Ukl B flull ey (3:23)
N,k

Since p*/(p — 1) > 1, it follows from (3.15), (3.18), and (3.21)-(3.23) that

*

P

(h— k() < [ (1 W)@y + gl ooy + el

D

* *

gt [\Ak\;<1p:>:1 g ) PN,k\si“St*)fl] - (324)
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We also see that

Np [T(Np—N+p—Np+p2+N—p) —Np]
(N —p)(Np— N +p)
Np by (1.8)

~ (N-p(Np-N+p) [p*r —Np|] > 0.

P (r—pa)per(p—1) =

Hence,
%

1 )
—— (1 - ]i) P~ (3.25)
Px T P — 1

By analogy it can be shown that

1 X * . . .
§9 1= — (1 — p> P . > 1 provided inequality (1.8); holds true.  (3.26)
Dx q

As for the third exponent in (3.24), we see that

1 sx\ p* N
S (- _ 5
s*( t)p—l N-—17%
where
_N-11 si\ P* _[(N=1p—N+p]t—(N-1)p
% = N s*<1_t)p—1_ (N—=p)(p—1)t >1 (327)

provided the parameter ¢ satisfies inequality (1.9).
Since |I'y x| < 1 and |Ag| < 1 for k large enough, it follows from (3.24) that

p*—p+l D N
v <377 G [2 (14 + Il =

)} min{d1;02;03}

_ (3.28)

where

by (3.25)—-(3.27
5 = min {0r; 09305} 2 B

*
p

-1

P*

—p+1 ~_
M =352 [ (1 W) ) + 9l o) + Tullzern)]”

Therefore, by Lemma 3.3 we finally deduce that

N
P(d) == |Ag| + [Ty a|¥-T =0

for
0—1 5p*

d=M||Q| + |Dy|¥=1| 2551,

Thus, for the given feasible pair (u,y) € =, the following inference is valid:
conditions (1.8)—(1.9) imply that y € L>®(f2) and ~o(y) € L>®(9Q). The proof
of Theorem 1.1 is complete. O
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As for the proof of Theorem 1.1, its validity immediately follows from Theo-
rem 2.2 and Sobolev embedding theorem saying that the injection Wol’p(Q; I'p) —
C(Q) is compact if p > N.
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