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ABSTRACT

Let G = (V,E) be a graph witlp vertices ancqg edges. Leif:V - {1,2,...q + 1} is called arlntegral Root
labeling if it is possible to label all the verticw € V with distinct elements fronf1,2, ...q + 1} such that it
induces an edge labeliffg: E - {1,2, ... q} defined as

uv) = HU@PHWIW| s gistinet for alluv € E. (i.e.) The distinct vertex labeling induces
+ ) -

distinct edge labeling on the graph. The graph in admits Integral Root labeling is called Integral Root
Graph.

In this paper, we inva@igate the Integral Root labeling B,, U G graphs lik&, U B,,B, U (P,0OK;), B, U
Lnlpm U (PnOKl,Z)’ Pm U (PnOKl,S’)’ Pm U (PnOKl)OKl,Z

Key words: P_muP_n, P mUP_n OK_1), P mL_n, P_mUP_n 0K 1,2), P mUP_n OK_1,3), P mUAT_n
OK_1),P_ mUP_nOK_1)OK_1,2

INTRODUCTION

The graph considered here will be finite, undirdcé®d simple. The vertex set is denotecV (G) and the
edge set is denoted B{z). For all detailed survey of aph labeling we refer to Gallian [1]. For all sdand
terminology and notationwe follow Haray 2]. V.L Stella Arputha Mary and N.Nanthini introced the
concept of Integral Root Labeling of graphs in [8) this paper we investigate Integral Rocbeling of
B, U G graphs. The definitions and other informationsclirare useful for the present investigation arenm
below.

BASIC DEFINITIONS
Definition: 3.1
A walk in whichuq, u,, ... u, are distinct is called Path. A path om vertices is deoted byP,

Definition: 3.2
The graph obtained by joining a single pendent @édgach vertex of a path is calleComb.

Definition: 3.3

The Cartesian product of two grapis=(V1,E1) and Go=(V2,E>) is a graphG=(V,E) with V=V1xV, and two
verticesu=(ujuy) andv=(v1v,) are adjacent iG1xG, whenever {,=v;andu, is adjacent tw,) or (u,=v,andu;
is adjacent tar;) .It is denoted byr1XGo.

Definition: 3.4
The Corona of two graph® andG; is the graptG=G1®G-, formed by taking one copy G; and|(&1)| copies
of G, where tha™ vertex ofG, is adjacent to every vertex in ti"! copy ofGo.
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Definition: 3.5
The product grapRR, X P, is called d_adder and it is denoted by,

Definition: 3.6
The union of two graph§, = (V;,E;) andG, = (V,,E,) is a graphG = G, U G, with vertex seV =V, U1,
and the edge sét= E; U E,.

Definition: 3.7
The graphB, 0K, , is obtained by attaching, , to each vertex a#,.

Definition: 3.8
The graphp, OK; ; is obtained by attaching, ; to each vertex a#,.

Definition: 3.9

A graph that is not connected is disconnected.raplg G is said to be disconnected if there exist two sdde

G such that no path i has those nodes as endpoints. A graph with justvertex is connected. An edgeless
graph with two (or) more vertices is disconnected

MAIN RESULTS
Theorem: 4.1
P, U P, is an Integral Root graph.

Pr oof:
Let B,, = uq,uy, ...., U, be a path om vertices.
Let B, = vy, v,, ...., v, be another one path anvertices.
LetG = P, UP,.
Define a functiorf: V(G) - {1,2,...,q + 1} by
fu) =1; 1<i<m;
fw)=m+i; 1<i<n
Then we find the edge labels
e =4 lsism-—1;
ffowip)=m+i; 1<i<n-1
Then the edge labels are distinct.
HenceP,, U B, is a Integral Root graph.

Example: 4.2
An Integral Root labeling ofP; U P is show below.
1 2 3 4
@ L @ » @
1, (1) 1,5(2) uz(3) u,(4) wg(5)
o 7 g 1] 10
L & & @ & &
™ (6] E (8] vy (9] ve(10) vel11)
Figure: 1

Theorem: 4.3

P, U (P,0K,) is a Integral Root graph.
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Proof:
Let B,OK; be a Comb graph obtained from a pBth= v,, v,, ...., v, by joining a vertexy; tov;, 1<i<n.
Let B, = wy,w,, ..., w,, be a path.
LetG = B, U (B,0K;).
Define a functionf:V(G) - {1,2, ....,q + 1} by
fwy) =i 1<i<m;
fop)=m+2i—-1; 1<i<n;
fu;) =m+ 2i; 1<i<n
Then we find the edge labels are
frwiwip) =G 1<i<m-1,
f+(vivi+1)=m+2i; 1<i<n-1;
ffoou ) =m+2i—1;, 1<i<n-1
Then the edge labels are distinct.
HenceP,, U (P,0K,) is an Integral Root graph.
Example: 4.4
An Integral Root labeling oP; U (P;OK;) is given below.
wy (1) wal2) w3l 3) Wy (4) we(5)
L @ L ¢ ®
1 2 3 4
vy (6) (7] (107 1 (12) ve(14)
® ® & L 4
7 9 11 13
i 8 10 12 14
® ¢ ® o L
U4 {?} u2|('§l:| ug(j.l:l H4(13) u5(15}
Figure: 2
Theorem: 4.5
P, U L, is an Integral Root graph.
Pr oof:
Let B, = uy,uy, ..., u,, be apath.
Let{vy, vy, ..., Uy , W1, Wy, ....., Wy, } be the vertices of ladder.
efine a functionf:V(G) - {1,2, ....,q + 1} by
fuw) =i 1<is<m
fw)=m+3i—-2; 1<i<n;
fw)=m+3i—-1;,1<i<n
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Then we find the edge labels

fHuugg) = i; 1<i<m-1;
ffowip) =m+3i—-1; 1<i<n-—1;
frwiwip1) = m+ 3i; 1<i<n-1.

frvw;) =m+ 3 - 2i; 1<i<n.

Then the edge labels are distinct.
HenceP,, U L,, is an Integral Root graph.

Example: 4.6
An Integral Root labeling o U L is displayed below.
ui':l) uz(zj u3(3:' Uy () HE(S:'
® & ® L ®
1 2 3 4
wy(7) w,(10) wz(13) Wyl 16) we(19)
L L $ L 9
5 11 14 17
i 0 12 1= 18
7 10 13 16
¢ o L * ¢
vy (6) v,(9) vyl 12] 1y (15) ve(18)
Figure: 3
Theorem: 4.7

P, U (B,0K; ) is a Integral Root graph.

Proof:
Let P,OK; , be a graph obtained by attaching each vertexpatiaP, to the central vertex df; ,.
Let B, = v, v,, ..., v, be a path.
Let w; andx; be the vertices df; , which are attaching with the vertexof P,
1<i<n.
Let B, = uq, Uy, ..., U, be a path.
Let G = B, U (P,OK1,).

Define a functionf:V(G) - {1,2, ....,q + 1} by
fu) =i 1<i<m
fv)=m+3i—-1; 1<i<mn
fw)=m+3i—-2; 1<i<n;
f(x;) =m+ 3i; 1<i<n
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Then we find the edge labels are
fruuip) =6 1<sism-1;
ffowip) =m+3i; 1<i<n-1;
ffow)=m+3i—2; 1<i<n;
ffv)=m+3i—1;, 1<i<n.
HenceP,, U (P,0K;,) is a Integral Root graph.

Example: 4.8
An Integral Root labeling oP; U (P;0K; ;) is given below.
uy (1) uy(2) uy(3) uy (4] ug(5)
® ® L & ]
1 2 3 4
vy (7] 8 15010} 11 v7(13)
i] 7 0 10 12 13
wy(6) x () wy(9) x5(11) w3(12) x5(14)
Figure: 4
Theorem: 4.9

P, U (P,OK; 3) is a Integral Root graph.

Proof:
LetP, OK, , be a graph obtained by attaching each vertexpattaP, to the central vertex d, .
LetB, = wy,w,, ..., w, be a path.
Let;, x; andy; be the vertices of; ; which are attaching with the vertex of P,
1<i<n.
Let B, = uq,uy, ..., u,, be a path.
Let G = P, U (P,OK, 3).

Define a functionf:V(G) - {1,2, ....,q + 1} by
fu) =1i; 1<i<m
fv)=m+4i-3; 1<i<n
fw)=m+4i—-2; 1<i<n;
fx))=m+4i—1; 1<i<n
fy) =m+4i; 1<i<n

Then we find the edge labels are
fruwup) =6 l<sism-1;
ffwiwiy ) =m+4i; 1<i<n-1;
fflow)=m+4i—3; 1<i<n;
ffxw)=m+4i—-2; 1<i<mn
ffoyw)=m+4i—1;, 1<i<n.
Then the edge labels are distinct.
HenceP,, U (P,0K; 3) is a Integral Root graph.
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Example: 4.10

An Integral Root labeling oP; U (P;0K; 3) is given below.

wy (1) u,(2) uz(3) uy(4) ugl5)
L L & L e
1 2 3 4
Wi(?:l 1] Wz':llj' 13 WSU-E:'

L] 5

7 10 11 12 14 15 16

o o o
1 (6) x4(B) y(8) vy (10) x,(12)  ¥z(13) v (14) xz(16)  ¥al17)
Figure: 5

Theorem: 4.11
P, U (P,OK;)OK, , is a Integral root graph.

Proof:

Let G = P, U (B,0K;)OKy 5.

Let B, = uq,uy, ..., U, be a path.

Let G, be a comb and,; be the obtained by attachiig, at each pendant vertex @.
Let its vertices be;, w;, x;,y; 1<i<n.

Define a functiorf: V(G) - {1,2, ....,q + 1} by
fu) =1i; 1<i<m;
f(v;)) =m+5i—3; 1<i<n
f(wi)=m+5i—4; 1<i<mn
f(x;) =m+5i—2; 1<i<n
f(y;) = m+ 5i; 1<i<n

Then we find edge labels are
f+(ui+1ul-)=i; 1<i<m-1;
ffwipv)=m+5i—1;,1<i<n-1;
fflow)=m+5i—4; 1<i<mn;
ffwix)) =m+5i—-3; 1<i<mn
f+(lel):m+5l—2, 1<i<n.

Then the edge labels are distinct.
Hence P, U (B,0K;)0OK; , is an Integral Root graph.

Example: 4.12
An Integral Root labeling o5 U (P,OK,)0OK; , is given below.
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& & & & —i
U (1) 1 uz(E) 1 US(E:' 3 ’L’4':"-1‘:' 4 u5(5)

%5(8) W(10) T(13)  y(15) s(18)  ys(20) %23 0a(25)
vy(7) v(12) 4 w7y 19 n(e)
Figure: 6
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