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Abstract

The singular stress problem of a peripheral edge
crack around a cavity of spherical portion in an
infinite elastic medium when the crack is sub-
jected to a known pressure is investigated. The
problem is solved by using integral transforms
and is reduced to the solution of a singular in-
tegral equation of the first kind. The solution
of this equation is obtained numerically by the
method due to Erdogan, Gupta , and Cook, and
the stress intensity factors are displayed graphi-
cally.

Also investigated in this paper is the penny-
shaped crack situated symmetrically on the cen-
tral plane of a convex lens shaped elastic mate-
rial.

Key words: cavity of spherical portion/ periph-
eral edge crack/penny-shaped crack /SIF.

1.Introduction.

The problem of determining the distribution
of stress in an elastic medium containing a cir-
cumferential edge crack has been investigated by
several researchers including the present author.
Among these investigations, the notable ones
are Keer et al.[1,2],Atsumi and Shindo[3,4], and
Lee[5,6]. Keer et al.[1] considered a circumfer-
ential edge crack in an extended elastic medium
with a cylindrical cavity the analysis of which
provides immediate application to the study of
cracking of pipes and nozzles if the crack is small.

Another important problem involving a cir-
cumferential edge crack is that concerned with a
spherical cavity. Atsumi and Shindo[4] investi-
gated the singular stress problem of a peripheral
edge crack around a spherical cavity under uni-
axial tension field. In more recent years, Wan
et al.[7] obtained the solution for cracks emanat-
ing from surface semi-spherical cavity in finite
body using energy release rate theory. In previ-
ous studies concerning the spherical cavity with
the circumferential edge crack, the cavity was a
full spherical shape. In this present analysis, we
are concerned with a cavity of a spherical por-
tion, rather than a full spherical cavity. More
briefly describing it, the cavity looks like a con-
vex lens. Here, we employ the known methods of
previous investigators to derive a singular inte-
gral equation of the first kind which was solved
numerically, and obtained the s.i.f. for various
spherical portions. It is also shown that when
this spherical portion becomes a full sphere, the
present solution completely agrees with the al-
ready known solution.

2.Formulation of problem and reduction to
singular integral equation. °

We employ cylindrical coordinates (r, ¢, 2)
with the plane z = 0 coinciding the plane of pe-
ripheral edge crack. The spherical coordinates
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(p, 0, ¢) are connected with the cylindrical coor-
dinates by

z = pcosb, r = psinf.

Spherical coordinates (¢, 1, ¢) whose origin is
located at z = —9, r = 0, and is the center of
the upper spherical surface, are also used. The
cavity is symmetrical with respect to the plane
z=0.

The crack occupies the region z = 0, 1 <
r < 7. So the radius of the spherical cavity is
=V1+ 62.

The boundary conditions are:

On the plane z = 0, we want the continuity of
the shear stress, and the normal displacement:

u,(r,07) —u,(r,07) =0, v <r<oo, (2.1)

0r2(r,07) — 0,2 (r,07) = 0, 1<r<oo.
(2.2)
And the crack is subjected to a known pressure

p(r), i.e.,
Uzz(rv 0+) = —p(T),

On the surface of the spherical cavity, stresses
are zero:

1<r<n. (2.3)

(2.4)
(2.5)

We can make use of the axially symmetric so-
lution of the equations of elastic equilibrium due
to Green and Zerna [8] which states that if ¢(r, 2)
and v(r, z) are axisymmetric solutions of Laplace
equation, then the equations

aw

3
_0p 0% g
2uu, = 52 +z 5 — (3 —4v)v, (2.7)

where p is the modulus of rigidity and v is Pois-
son’s ratio, provide a possible displacement field.
The needed components of stress tensor are given
by the equations

0*¢ >y oY
o= oz T rares - LT Mg 29
> o 32¢ L
The functions ¢ and @ for the regions z > 0

and z < 0, respectively, are chosen as follows:

60(r,2) = (20— 1) /0 T A o(er)etde

(cos 9

+Zan P

(2.10)

6O(r,2) = (20— 1) /O T e A©) D(er) e

- Z an(~
Here the superscrlpts (1) and (2) are taken for

the region z > 0 and z < 0, respectively. The
functions () and ¥ are chosen as follows:

B (r, 2) = /D A Jo(er)e e

+Zb

(cosf)

n+1 (2.11)

cosH (2.12)

6, 2) = — / A(E) To(Er)eSede
+Zb 273510) (2.13)

Then we can 1mmed1ately satisfy condition (2.2)
by this choice of functions (2.10)-(2.13).

Now the condition (2.1) requires

/0 T A D(ENAE =0, >y (2.14)

Equation (2.14) is automatically satisfied by
setting

)
A(6) = / tg(t) T (¢t)dt (2.15)
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Then from the boundary condition (2.3), we
obtain

/SA%&% Z%

2n + 1 Pgn(())
r2n+3

P. (0
2003 b Y -

1<r <y,

—p(r),

(2.16)

where prime indicates the differentiation with re-
spect to the argument.

By substituting (2.15) into (2.16), it reduces

to
2 [ >
=2 [ ta ROt = 30 (P 0)
mJ1 n=0
x(2n 4 1)%ag, + abons 1Py, 1 (0)} = —p(r),
1<r<y, (2.17)
where
1 r
R(T, t) = ME<t>’ t > T,

o an(f) - La(t), e
tr2 -2 \r rt \r
(2.18)
K and E in (2.18) are complete elliptic integrals
of the first and the second kind, respectively and

a=2(1-v).

The solution will be complete, if the condi-
tions on the surface of the spherical cavity are
satisfied.

3.Conditions on the surface of the spheri-
cal cavity.

Equation (2.17) gives one relation connecting
unknown coefficients a,, and b,,. The stress com-
ponents besides (2.8) and (2.9) which are needed
for the present analysis are given by the following
equations

82(15 % oY
a¢c = 8C2 C TCQ —2(1—1/> COSﬁaié_
sin ¢ Oy

162¢_18¢+ 198%
0T Cacas 2w 9cov
oY cos v O
+(1 —2v) s1n198—C -2(1-v) T (3.2)

To satisfy boundary conditions on the spherical
surface, it is needed to represent ¢, in (2.10)-
(2.13) in terms of ¢, variables. To do so we uti-
lize the following formula whose validity is shown
in the Appendix 1. An expression useful for the
present analysis is the following

Py(cosf) +k i (cos V) g
Tl > < " ) %5
k=0
(3.3)
Thus
. Py(cosf) = +k
R I N
n=0 n=0 k=0
P, ) >, P;(cos¥
(Lrorlollp oy DS )
§=0
where .
J
A= I g5 (3.5)
SWET
Also
0 i
| et a©nieneae= [
0 1
X / oo5—1J0(§r)J1(§t)e—fzd§dt. (3.6)
0

If we make use of the formula in Whittaker and
Watson[9,pp.395-396]

/ exp{ —&(z4ix cos u-iy sinu) ydu = 2me % Jo(¢r),

—T

O to the inner integral of (3.6), it can be written
as, if we are using the shortened notation

8 =z +ixcosu + iysinu,

then
Ag*MMA@W@%

_ i T oo 1 es
WLJ:&%@% dédu
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1 /“ t
=— | ———du
21 Jx B+ B2+ 12

L (s B
=5 _ﬂ{t 1+}du

e [ () e

n=0
(3.7)
As |B| < [t|, the above series expansion is valid.
Next,

(2" = (—=6+Z+ix cos utiy sinu)*"

-2 (%)

where (r, ¢, Z) is the cylindrical coordinates sys-
tem centered at (r,z) = (0,—6). We have
the following formula from Whittaker and Wat-
son[9,p.392]

/ (B du = / (Z + iz cosu + iy sinu)"du

= (—+0)*"

OB, (3.8)

= 27¢" P (cos ). (3.9)
If we utilize (3.8) and (3.9) in (3.7), it can be

written as

/000 € Jo(€r)Ju(Et)e™ " dg

(3.10)

Thus finally, from (3.4), (3.6) and (3.10), ¢
can be written in terms of spherical coordinates

(¢,9) as

+d — %Pl (cos ).

= Z Py (cos ) [Cﬁﬂ + @kg’“}
k=0

5 /1 " tg(t)dt — CPy(cos ) /1 "y,

where

D), =

oo 1 _1\n
ooy 5 Chew

n=[(k+1)/2]

g(t)
t2n71

dt,  (3.11)

(2n)! 2n—k / !
—§)2n
“an O )
and [(k+1)/2] is the greatest integer < (k+1)/2.

It is also necessary to express W in terms of
spherical coordinates (¢,?). Now, as in (3.4)

— o B (3.12)
n=0 j=0
where
—~
j—n
Bi= 2 G it

We first express following integral in (p, 6) co-
ordinates

| a@mniene < = [ g
0 1

x /0 (et To(er)ede.

The inner integral on the right-hand side of
(3.13) is

L e

o /0 {rJu(€r) + 2Jo(€r) e 8 Jo(€t)dE.

(3.14)
Using the equation in Erdélyi et al.[10] ©

nign =2 7S

equation (3.14) is equal to

(3.13)

éJo(ft)df = -

™ Jt

t ; /t \/xz — 2
x%/ {rJy(€r) + zJo(&r) }eSGF)g¢
0
3 —1iT
\/552—t2 \/7"2 (z +ix)?
1 1 2 / dx
\/5U2_t2 \/1 224 cos @ + (£4)2

— - Z( )M( 1" o cos8) 21,

(3.15)

dx
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where we used the generating function

1 oo
= P, (cosf)x™.
V1 — 2z cosf + 22 TLZ::O n( )
To express (3.15) in the (¢,¥) spherical coordi-
nates, we use the following formula whose valid-
ity is shown in the Appendix 2.

2§1 (2n +1)!
= E'(2n 41— k)!

x (—0)2 1=k ek Py (cos 0). (3.16)
O If we use (3.16) in (3.15), then with (3.12), we
get 1)1 in spherical coordinates (¢,9)

pV) = ZP’C(COS ) <éffl+\11kck) +/17g(t)dt,

k=0
(3.17)

where

2 (=D)™(5)n (2n+1)!
U, = —
¥ _%Q] n! kK@2n+1-—k)!
Y
In+1—k g(t)
X(_é) * A t2n+1 dt.

Then if we substitute these values of ¢(!) and
¢ given by (3.11) and (3.17) into (3.2), and
simplify the results by using the properties of
Legendre polynomials, from the condition that
on the spherical surface ( = (p, the shear stress
ocy = 0, we obtain the following equation

B k+3  Br a—(k+1)?
T Y ok 1

B2 (k+3)(2a+k+2)
kot 2k +5
k(k+1—2a)
2k + 1
k+2+a—(k+2)(k+3)

g =0.
0 k+2 2%k +5
(3.18)

Likewise, from the condition o¢¢(¢o,?) = 0,
we get following two equations,

+]<3C(]]€71‘1>k+1 + Cégil\l»'k

(3.19a)

(k+2)(k+3)

— Akt k+4
Co

B, k+1){2—a—(k+1)(k+4)}

(’;+2 2k +1

Biio (k+2)(k+3)(20 + k +2)
- ket 2k +5
k(k+1)(k+1—2a)
2k + 1
(k+2){(k+2)(k — 1)+« — 2}
2k +5

—k(k+1) gilq)k_i_l— gil\l’k

=0.

(3.19%)
Thus if we multiply (3.18) by k4 2 and subtract
(3.19b) from the resulting equation we find

k41
_CoJr \I’k+2

522k 4+ 1)

By = — k(2k+3)¢E 1o
P a2k +3) + 2k(k + 1) (2k+3)G0™ s
o (2k+3)k(k+1—2a)
Gy, ok 1 T g ok (k+2) |
(3.20)

If we solve (3.20) for b; using the theorem
which is in the Appendix 3 and the relation,

a—1

SR

Dpyq

bz: i!(—l)ifki[Nl(k)\IJk + Nao(k)Upa],

5 kzzo (i — k)lk! 6%
(3.21)
where
2k+1 _ 2
(k) = — 21 (2k + 3)k ot k)
a(k+3)+2k(k+ 1)\ k+1

G2k + k(K +2)

Na(k) = a2k +3) + 2k(k + 1)

Equation (3.21) can be written as

&R 7 g(t)
bl__kzo(i—k)!klé’f/l o

1
X Z[Nn+1(k)fk+2n < = 5) dt,

51y (3.22)
n=0
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where

(=) S (D () (204 1)1z
fule; @) = 2o, @Ur1-R)
with (¢c)p =clc+1)(c+2)---(c+£—1).

Now from (3.19a,b) we have
A1 = Mi(k)Vy + Ma(k) Vgt + Ms(k)Wgya,

Ag = AUy + Ay,

€2k+3k’( Oz—i—k2)
T (k+2)(k+3)(2k+1)

. [(Qk +3)g(k) | 1]’

h(k)
gk —2)
2k +5

B 2k+5 g(k)
i) = s [

(k+1)+

+(k +2)2k+7)2a+k+2){—a+ (k+ 2)2}}

(2k + 5)h(k + 2)
2k+7 a

Ma(k) = G (k + 2)}1((/2142))(2 + k4 2)7

-G 52a 4 1)(—a + 1)

A== {2,
+ 3(2a+1)¢
A=TSm

with

gk)=2—a—(k+1)(k+4),

h(k) = a(2k + 3) + 2k(k + 1).
In a similar way a}s can be found from these
equations as follows:

as; = (1[11\1/1 + AQ\I/;;)&%
2i—1 )21 k—1

*Z 22_1_ I

Py == [T s (5.5 + )

t

><fk+2(; (Z> + M3(k )fk+4<; i)}dt

Thus

o0

g (121

22 + 1 PQ»L

0) a0 <=, = ~
7“2”‘3 = 73-1-21(141\1/1 + AsW3)

(20 +1)*(=1)"(3)s

21

X0 r22+3zl
(20 4+ 1)2(=1)%(3):
Z T,2z+3z|

=1

(20)!(—§)% -+
<D 2i—1—k)(k+ 1)

k=0
If we interchange the order of summation in the
last term of the above equation, and use

Yy
‘1132—/175:)f3<1 5>dt

we finally obtain

2i—1

F(k).

v =

Z - (2i + 12#52@(0) _ _/j tg() Ty (r, t)dt,
Where
Ti(r,t) = )
[Z Z M1 (k fk+2m<; i)hk<i>
k=0 m=0

(9 anL o)

with
5) k—1

§ (—0) k-

w(7) =

0 (204 1)2(=1)1(A)(20)! £ 6\

X " B - )
i:[%ﬂ] (20 — 1 — k)l (r)

J(i) _ i (2i + 1)2i(!_1)¢(5)i <f)2

=1

Also,

b P51 (0
2417 2013 21+3

Z z'r21+3

=0

2i+1 .
(2i +1)!(=0)
<D 2i+1— k)lk!

k=0

2i—k+1
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16 Gk =D (=)@ 1
/ ZNnH fk+2n<2 t)‘“ M } R

+(2k: + 1)%(2k + 2)(2k + 3)(2a + 2k + 1)

If we change the order of summation in the above

equation, we get H(k+1)
Py 4(0) v v (_1)k+1(%)k+1 1
ZbZerl 1242+3 = —/1 tg(t)To(r, t)dt, (k+1)! 12k+2 |
where ©
Where

o H(k) = a4k + 1) + 4k(2k — 1),
B@J%=;ﬁ§:§:NmNMﬁ<;i> G(k) =2 — a — 2k(2K +3),
k=0n=0 F(k) = —a+ (2k — 1)

R, e s
ktonl 505 |- B:%LI%ZZNnJrl( )fk( >fk+2n<2 t)

Thus finally the singular integral equation (2.17)

becomes _ i (=D* ) (2k+1)(dk+5)
— klr2k 2(k+1)
2 (7 Flk+1) (1)) 1 (k+3)(2k+1)(2k +3)
— tg(t){R(r,t) + S(r,t) }dt = p(r), 278~
R A . it
<r< . —1k+HL (L 1 1
where (k+1)! k2| 2H(1) T
S(r,t) = —2{Ti(r,1) + aTa(r, )} Thus R
+
When § = 0, we briefly show that this equation A+aB= Z k:'r%
completely agrees with what Atsumi and Shindo
btained. Usi —1k 2k —
obtained. Using ‘ [< D22k —1)(2k + 1) {k(k +1)F(k)
5\ (—DFE)rE+1)2 1 H(k)k(k +1)
lim hgk 1l — = k‘ ok 1 1
: r {(2k — 1)(4k + 3)2kG(k)

2 4(4k + 3)

(LAY D
%1_{% ka_1< ) = ! +2k—2° —H(k)G(k — 1)}} (<k‘ ) 1)' t2kl 2

e~ 16Y, (6
A:;%;O;Mmﬂ( )fk+2m<2 t>hkz<r> +(—1)kF((’ZE))(é’ZE)){(2k+3)(2k+2)t12
© 1 4k +5 (*) 1 « 9
3! ”k(%jiﬁik“y RO s Z!kt%]+2ﬂ(1){t2_5F(1)}
1 - 2k—1f(@k+ DGk i;%* {k(k+1)F(k)_t1244k13
R rD@k12) [4k—1{ k) } = (4k +3)
(D1 (Phr 1 x{(2k — 1)(4k + 3)2kG(k) — H(k)G(k — 1)}
x F(k) (k—1)! 22 1 2 }
5k
+(2k—|—1){—fl((l;;))(2k—l)2k X(Tt)Qk—2T2( 2! >

(2k + 1)(4k + 5)(20 + 2k + 1) — F(k) 1 k41
_ O D0k T3 Flk+1) +ZH(k){(2k+l)(2k: 1) +F(k)4k_1}
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x2k<(2k>2(ﬁ)12k_2+2;(1>{ _5F(1) + t92}
Using

~ 1 ~ ~ 1
A1f1< >+A2f3<2 0> =A —AQ@,

we finally obtain

2 1+V 1 = (2k +1
—omh = 32 +;H k) [ (k+1)r2 )
x{k(k+1)F(k)—;M{(2k—l)(4k+3)

x2kG (k) — H(k)G(k — 1)}} + kF(k:){(2k: +2)

7512+F(k)4k+1}]

X(2k —1) 1

2k —1)1\? 1
X( 251 )(rt)%r'

The above equation completely agrees with the
result by Atsumi and Shindo.

A quantity of physical interest is the stress in-
tensity factor which is given as

K = lim /2(r —7)o(r,0).

r—ry

We choose p(r) = pg and put v — 1 = a. We let

Yrr) 41, (3.24)

2

and in order to facilitate numerical analysis, as-
sume ¢(t) to have the following form:

g(t) = po(t — 1)2 (v — 1) 2 G(1).
With the aid of (3.24),

9(7) = poG(r )<1+T>

1—171

T:g(s—}—l)—}—l, t=

(3.25)

g(7) can be rewritten as

(3.26)

The stress intensity factors K can therefore be
expressed in terms of G(t) as

K/po = V2aG(y), (3.27)

or in terms of the quantity actually calculated
K/pova = v2G(y). (3.28)

4.Numerical analysis.

In order to obtain numerical solution of (3.23),
substitutions are made by the application of

(3.24) and (3.26) to obtain the following expres-
sion:

Z/t(i i:)é(}(ﬂ B(T +1) + 1] [R(s, )

+S(s,7)]dT =1, (4.1)

—1<s<1.

The numerical solution technique is based on
the collocation scheme for the solution of singu-
lar integral equations given by Erdogan, Gupta,
and Cook [11]. © This amounts to applying a
Gaussian quadrature formula for approximating
the integral of a function f(7) with weight func-
tion [(1+7)/(1—7)]2 on the interval [-1,1]. Thus,
letting n be the number of quadrature points,

[ (H2) v 52 S,

(4.2)

where

2k —1
= =1,...n. 4.
T COS<2n+ 1)7?, k=1,...n (4.3)

The solution of the integral equation is ob-
tained by choosing the collocation points:

2im
P = 5 = 17 N A 44
8; = cos <2n n 1) ) n (4.4)
and solving the matrix system for G*(7) :
- " 2n+1
> [R(sj,7%) + S(s5, )]G (k) = 5
k=1
7=1,...,n, (4.5)
where
B G
Glr) = ) (1.6

(1 —‘er)[ (e +1) + 1]

5.Numerical results and consideration.

Numerical calculations have been carried out
for v = 0.3. The values of normalized stress
intensity factor K/pgy/a versus a are shown in
Fig.1-3 for various values of §.

Fig.1 shows the variation of K /pgy/a with re-
spect to @ when 6 = 0.

This figure shows that as a increases, S.L.F.
decreases steadily.
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Fig.2 and 3 deal with the cases when § = 0.3
and 6 = 0.5, respectively. Here we omit units.
We can see that the trend is similar. Theoreti-
cally the infinite series involved converges when
0 < 1 by comparison test. However, because of

0

the overflow, computations could not be accom-
plished beyond the values § > 0.5. And we found
that the variation of SIF is very small with re-
spect to the variation of 4.

095 r
“: 085 r

35

0,65 ' '

Fig,1 Variation of 5.i.f, when delta=0

0.84 |
— 079 |

074 F

0,69

Fig.z, wariation

of =.i.f, when delta=, 1
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Gt

s 0.f

0,69 '

Fig.3 Yaration of s.if. when deta=kb

6.Penny-shaped crack.

In this section we are concerned with a penny-
shaped crack in a convex lens shaped elastic ma-
terial. The problem of determining the distri-
bution of stress in an elastic sphere containing
a penny-shaped crack or the mixed boundary
value problems concerning a spherical boundary
has been investigated by several researchers. Sri-
vastava and Dwivedi [12] considered the prob-
lem of a penny-shaped crack in an elastic sphere,
whereas Dhaliwal et al.[13] solved the problem of
a penny-shaped crack in a sphere embedded in an
infinite medium. On the other hand, Srivastav
and Narain [14] investigated the mixed boundary
value problem of torsion of a hemisphere.

7.Formulation of problem and reduction to
a Fredholm integral equation of the sec-
ond kind. ® We employ cylindrical coordinates
(r, ¢, z) with the plane z = 0 coinciding the plane
of the penny shaped crack. The center of the
crack is located at (r,z)=(0,0). As before, spher-
ical coordinates (p, 8, ¢) are connected with the
cylindrical coordinates by

z = pcosb, r = psiné.

Spherical coordinates (, ¥, ¢) whose origin is at
z = —0, r =0, and is the center of the upper
spherical surface of the convex elastic body, is

also used. The elastic body is symmetrical with
respect to the plane z = 0.

The crack occupies the region z = 0, 0 <
r < 1. The radius of the spherical portion is

Co = /72 + 2. The boundary conditions are:

On the plane z = 0, we want the continuity of
the shear stress, and the normal displacement:

uy(r, 0+) —uy(r,07) =0, 1<r<~, (7.1)

0r2(r,07)—0p2(r,07) = 0,
And the crack is subjected to a known pressure
p(r), i.e.,

0. (r,017) = —p(r), (7.3)

On the surface of the spherical portion, stresses
are zero:

0<r<~. (7.2
0<r<1.

o¢c(Go, ¥) =0, (7.4)

o¢9(Co, ) = 0. (7.5)

We can make use of (2.6)-(2.9) also, for the
present case. The functions ¢(!) and ¢ for the

regions z > 0 and z < 0, respectively, are chosen
as follows:

60, 2) = (20— 1) /0 T A o(er)etde
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+ Z anp" Py(cosb),

n=0

(7.6)

6O (r,2) = (2w~ 1) /O T A©) her) e

_Za”

Here the superscripts (1) and (2) are taken for
the region z > 0 and z < 0, respectively. The
functions ¥ and ¥ are chosen as follows:

)" p" Py, (cos ). (7.7)

6D (r,2) = /0 A Jo(er)e e

+ Z bpp" Pp(cos @), (7.8)
9(r,2) = - /0 " A oler)esde
—i—Zb )" p" Py (cos ). (7.9)

Then we can 1mmed1ately satisfy condition (7.2)
by these choice of functions (7.6)-(7.9).

Now the condition (7.1) requires

/0 T A D(ENdE =0, r 1. (7.10)

Equation (7.10) is automatically satisfied by
setting

1
A(§) :/0 g(t)sin(&t)dt, g(0) =0.  (7.11)

Then from the boundary condition (7.3), we ob-
tain

/ EA(E)Jo(Er)dE — Zagn 2n)% Py, (0)r" 2

n=0

—2(1-v) Z ban+1Pgy 41 (0)r2" = —p(r),
n=0
0<r<it, (7.12)

where the prime indicates the differentiation
with respect to the argument. °

By substituting (7.11) into (7.12), it reduces
to

2 o0
t)— = —1)"{2nt* Lay,
g9(t) W;( )"{2n az
tabo, 1ty =h(t), 0<r<1, (7.13)
where

2 t

h(t) = —/ e g,
T Jo t2_r2

The solution will be complete, if the condi-
tions on the surface of the spherical portion are
satisfied.

8.Conditions on the surface of the sphere.

Equation (7.13) gives one relation connecting
unknown coefficients a,, and b,,. The stress com-
ponents besides (2.8) and (2.9) which are needed
for the present analysis are given by (3.1) and
(3.2). To satisfy boundary conditions on the
spherical surface, it is needed to represent ¢,
n (7.6)-(7.9) in terms of ¢, variables. To do so
we utilize the following formula in the Appendix
2. An expression useful for the present analysis
is the following

P, (cosO)p" = ( Z )Pk(cos )k (=) Fk
. (8.1)
Thus
ZanPn(cos 0)p" = Zan Z ( Z > Py(cos )
n=0 n=0 k=0
xCF(=6)"F =" Pi(cosW)(T A5, (8.2)
=0
where
> n! .
A; =nZ; i (8.3)
Also
5 | €A nene
1 oo
= —/ g t)/ Jo(&r) cos(Et)e  dedt.  (8.4)
0 0
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The inner integral of the above equation is

][ijb<fr>cos<st)e—5Zd§

= §R/ Jo(er)e €G+1 ge
1
\/ + (z +1it)?

1
V12 4+ 22 4+ 2zit — 12
1

p\/l — 2cos 0(_7“) + (_71"5)2

()

Thus finally, from (8.2), and using the for-
mula in Appendix, ¢(1) can be written in terms
of spherical coordinates (¢, ?) as

=N

)" Pap(cosB). (8.5)

1) =" Py(cos) [;fﬂ + Ay ] (8.6)

k=0
where
Pp = —(a—1) ' gh=2m
= (2n)!(k — 2n)!
1 2n+1
o [ 9@t
«(=1) A ot (8.7)

It is also necessary to express ©(!) in terms of
spherical coordinates (¢,?). Now, as in (8.2)

Zb P, (cosO)p ZPJ (cos¥)(!Bj, (8.8)
7=0

where
B 53 n L (—8) (8.9)
T2 | |

O We first express following integral in (p, ) co-
ordinates

[e'e) 1
/EM&M&w&@—/gwﬁ
0 0

« jﬁoosin(ﬁt)Jb(gr)efzdf. (8.10)

The inner integral on the right-hand side of
(8.10) is

-3 / Jo(&r)e¢EF ) ge
0

_ i Pont1(€080) ot g4y

2n+2
n=0 P "
To express (8.11) in the (¢,?) spherical co-
ordinates, we use the following formula in the
Appendix 1.

o0

Py y1(cosb) (2n+1+k)!
ol z;) E!(2n + 1)!
P. (cos )
k4L 2n+1+k

If we use (8.8) and (8.12), we get (1)
coordinates (¢, ¥) as

in spherical

pM = ZPk cos 1) (C’\i_l + B¢ ) + By,

k=0
(8.13)
where
[(k=1)/2] 1
_ . k—2n—1
Ve = 7;) (2n+ DIk — 2n — 1)!5
1
><(—1)"/ g(t)t?r1dt, (8.14)
0

Then if we substitute these values of ¢! and
() given by (8.6) and (8.13) into (3.2), and
simplify the results by using the properties of
Legendre polynomials, from the condition that
on the spherical surface ¢ = (o, oy = 0, we
obtain the following equation

1 pr1 @ — (k+2)?
- B B S
k+2C0 %15

k+3

Ak
%0 —k —1)
2k +1

~ Whyo (b +3)(k+ 2+ 20)
o 2k+5

=0.

\Ilk a—(k+1)2
¢ 2k +1
(8.15)

Likewise, from the condition o¢¢(¢p,?) = 0,
we get the following equation,

— A k(k + )¢5
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k+2){2—a—-(k—-1)(k+2)}

4 ByaaCht! S E +(k:+4)(l<:+5)H(i(i)2) G;::?}
E(k+1)(2a—k—1)
+ By, Ck 1 kT 1) N(k) = 7_{?2(?2)(2%—!-7)—1}
_%@m L (k+5)I(k+2)
0 2k +9)(k+2)(k+3)’
g, FE2DEA3)(k+2+2a) with
o 02k +5) H(k) = —a(2k +3) + 2(k + 2)(k + 3)
g, ED{(E+4(k+1) +a -2} B ’
Tk Ck+2(2k + 1) G(k‘) = 2—04—(16'4—1)(]{14-4), I(k‘) = —Oé+(k'+3)2.
=0. (8.16) Therefore using the formula in Theorem B of Ap-

Thus if we multiply (8.15) by k + 1 and add Pendix 4, we have
(8.16), from the resulting equation we find >0
A= Z(—l)"Qnth*lagn

B (2k +5) i
k+2 = 57 ad = klARS
—a(2k+3) +2(k+2)(k+3 = N (=1)"2ne2n1 i
a9 T2 T I] Sy o 52 G
y (k4 3)(2k + 3) n=1
k+1
hord - [k/2] Fl(—1)n £\ 271
(2K +3)(k + 3)(k + 2 + 20) Z 2 @ik 2mils) @
+ Vo
k+4(2k, + 5) -
k_ _
e k)4 3)|. (8.17) X Apd™ = Z e Ares = Y filt)
Co+ k=—1 k=—1
0 Using the relation Wy, Ukio Wita
I X [CngrgL(k) + 8,€+5M(k) + Cngr7N(kz)] .
Crpr = =75 Ve, (8.19)
By is In the above equation ¥, = 0, if £ <0 and
2%k +5 [(k+3)/2] 1 _1\n
G {—ak+3)+2(k+2)(E+3)} — (2n— Dk +3—2n)!
y 2k +3)(k+3)((k+3)? — ) 20
bt k+4(2k 4 5) (k + 2) x <5> T
k+2 (k+1)(k+3)]. (8.18) If we substitute the values of ¥ into (8.19),it
C reduces to
From (8.15) we have 1
A :/ (w)Q (¢, u)du
s g N\ g 1Y )
Apys = T]-g% (k) + QZj—QBM(k) + 2214;]\[(]{) 0
0 0 0 where
where
(2&-]{?—3) ka |:2k‘+3 ()
pu— 1 ——————————————
L(k)=(k+1)(k+3) H) )
1 (2k + 3)(2a — k — 3)I (k) ha2 () | ooy Prral(w) }
= + N(k)|.
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In the above equation hi(u) =0, if £ <0 and _ C2{1 B 200819§ N <5>2},
hi(u) = 6" ‘ oo n
k(u) T; en+ D(k—2n—1)1 1 _ 1 = 3" Py(cos ) 5+17
o N e T S
X<(5> . Py(cosf) (—1)”6”(1)
Also, using Theorem B of Appendix 4, we get PnH nl 0z" \p
o0 00 2n+1 Py (cos?)\ 1
_1\n 2n+1 __ _1\n = e
Z( 1)"ban1t - Z( 1) (2n + 1)lg2nt1 Z n' azn ( an
n=0 n=0
e n+k k
kaka’f N =Dt o 1Y (D)%
x Z (k—2n—1)! Z nl 9zvtk\ () k!
= 2n+1 k=0
o 1557 n [ n+k etk (cos ) g
Z 1) ¢ 2n+1 Bt _Z< . )C"+k+1 ok,
2n—|— (k—2n—1)1\6 k=0
k=1"-n=0
_ Z hioro(t) B Appendix 2. Proof of (3.16).
k=-1
> 2k +5 Uy n _ " : — n
— Z Py (t) T [Ck+2 (k+1)(k+3) 2mp P, (cosf) = /ﬂ(z + iz cosu + iy sinu)"du
k=-—1 0 0 -
Wito (k+3)(2k+3)1 e = / (=0 + Z + iz cosu + iy sinu)"du
chre 2k+5 ) -7
1 " TL‘ n—k
= [ g(u)Qa(t,u)du, =2 (n — k)lk! (=9)
0 k=0
0 where T . ek
o %+ 5 [hu(u) X (Z +ix cosu+ iy sinu)“du
k(U -7
Qa(t,u) = Y hpgo(t) FHR) { 5 (k+1) " . -
hita(uw) (k+3)(2k + 3) k=0 o
k+3 I(k)|.
x(k+3)+ R s )
In the above equation hg(u) = 0, if £ < 0. Thus Appendix 3. Theorem A. If the equation
(7.13) reduces to the following Fredholm integral k k!
. . B, = Z . a;
equation of the seicond kind k 2 &=l i)
g(t) + /0 9w K (t,u)du = h(t), is solved for als, it will be written as
where : i! -
2 a; = Z (= ]{:),k,Bk(—l)Z g
K(t,u) = _;{Ql(tﬂ u) +aQ?(t7u)}‘ k=0 ! o
Proof. We prove it by mathematical induction.
Suppose it is true for i, we will show that it is
also true for ¢ + 1. Suppose B;41 is given by
Appendix 1. Proof of (3.3). Since By = § ' (4 1)! ok = aisy
2 in )2 (i4+1—k)k!
= (Ccos¥ —9)* + (sin?) o \ R
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)

(i+1)!
G
k=0
Thus
L (i+ 1)
it1=Biy1— ) /5
il = it l;)(zﬂ—k)!k!

Z+ )1 i (_1)k—j
= Biy1 — ZB kzg(z—kl—k)(k_])
(A1)

The inner summation in the above equation can
written as, by changing the variable k — 7 =m

Z’ (—1)k
Z(z—i—l—k) I(k—7)!

k=
_m:() (i+1—m—j)m!
(_1)ifj+1
Gy
Y since
i—j+1 o
— (i+1—m—j)Im!
Then (A.1) is equal to
(i + DI(=1)*1
Qi+l = z+1+z 2+1_j)
B i Bi(i+ 1)(=1)i+1-
p= Jle+1—5)"
O

Appendix 4. Theorem B. If the equation

is solved for al,s, it will be written as

Ay = i < fL > 5k7an.

k=n

Proof. Let
> an(=
n=0

then
an(—9)"n! = f(n) (0),

and
> n !
)= > oo =
n==k

From Taylor’s series

PO
_kzo b

(z — 1),

Thus
> r(k) A

an(—6)"n! = F™(0) = Z f k'( )
k=0

—(@=1)

dx™

=0

P (k —n)! = (k—n)! ‘
Therefore
- k k—n
n I; nl(k — n)'Bk6
O
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