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ABSTRACT

This paper specially exhibits about the time delay and
mean square stochastic differential equations in
impetuous stabilization is analyzed. By projecting a
delay differential inequality and using the stochastic
analysis technique, a few present stage for mean
square exponential stabilization are survived. It is
express that an unstable stochastic delay system can
be achieved some stability by impetuous. This
example is also argued to derived the efficiency of the
obtained results.
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1. INTRODUCTION

Impetuous control and stability has been extensively
the variety of areas has found many application to be
studied over the past centuries, such as orbital transfer
of satellite [11], ecosystems management [12,13],
dosage supply in pharmacokinetics [14], and stability
and synchronization in chaotic secure communication
systems and other chaotic systems [15,16]. At present,
many significant results for the impetuous control and
stabilization of delay differential systems.

Systematically, the input states of systems not only
get the disturbance of delay phenomena, but also get
the disturbance of mean square stochastic phenomena
in many practical problems. In current years, the
stability investigation of impetuous stochastic delay
differential systems is catching to many authors, and a
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large number of stability criteria of these systems
have been reported [1-6]. However, these criteria are
all needed so that the corresponding mean square
stochastic ~ delay differential systems without
impetuous must be stable itself, which implies that the
impetuous are only to inhibit the stability of mean
square  stochastic delay differential systems.
Although, it is known that ther is no general rule for
guiding how a proper Lyapunov functional can be
constructed for a given model. Therefore, it is very
impetuous to projecting a new approach to studying
the impetuous stabilization of mean square stochastic
functional differential equations without resorting to
the Lyapunov functional.

Without motivation from the above discussions, our
main aim in this paper is to the study the time delay
and mean square stochastic differential equations in
impetuous  stabilization. By projecting a delay
differential inequality and wusing the stochastic
analysis technique, some sufficient conditions for
mean square exponential stability are obtained.

2. Model and Preliminaries

In this paper, unless otherwise specified, we adopt the
standard notation used previously by Yang [8]. Let E
denote the n-dimensional unit matrix, |.| denote the
Euclidean norm,

N2{12,..,n},N2{12..}R, =[0,x),R} =
(0,00). for A€R™™ Apar(Aand A, (A) are
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largest and smallest singular values of A, respectively.
|All = V Amax(ATA)-

B[X,Y] denotes the space of continuous mappings
from the topological space Y. In particular, let
B £ B[[-7,0],R"], where T > 0:

PB[J,R"] = {y:] > R" |
y(s)is continuous for all but at most
countable ponit s € ] and at these points €

J,w(sMandy(s™) existand y(s) = y(s)},

Where ] € R is an interval, y(s*)andy(s™) denot the
right-hand and left-hand limits of function y(s) at
time s, respectively. In particular, let PB £
PB[[-7,0],R"]:

H = {h(s):R >R} |
h(s)is integral and satisfies sup;s, ftt_Th(s)ds =
H < o, and lim,_,., fti h(s)ds =

o, where H is a positive constant}.

For ¢ € B[J,R"] or ¢ € PB[],R"], we
define[p(D)]; = ([@1 ()7, -\ [0 (D17,
[9i(D)]: = sup_r<s<of@i(t +5)}, i € NV, And
D* ¢ (t) denotes the upper right-hand derivative of
@(t) at time t.

Let (Q, Z, {Z:}t=0, P) be a complete probability space
with a filtration {Z;};so satisfying the usual

conditions (i.e., it is right continuous and %,
contains all p-null sets ). Let
PBY [[-7,0], R*|(PBS.[[-7,0],R"]) denote the

family of all bounded %,(Z;)-measurable,
PB [[—T, 0], Rn]-valued random variable ¢, satisfying
IIquIiz = SUpP_;<p<o0 E|$(8)|? < o, where E denotes
the expectation of stochastic process. Let & denote the
well-known Z-operator given by the Ito formula.

In this paper, we consider the following Ito impetuous
stochastic delay systems:

I( dx(t) = [A(t)x(t) +f (t,x(t - T(t)))] dt +
o (t,x(t),x(t - T(t))) dw(t), t # t, t = t,,
[ Ax = x(t;) — x(ty) = Lex(ty),
x(tyg +5s) = ¢(s),s € [-71,0],
(1
Where the initial function
$(s) = (¢1(5), ., pu(s))’ € PBL[[~,01,R"]

A() = h(DA, h(t) e A€ RV, e R0 <
(t) < t,7isaconstant, and fixed impetuous
moment ¢, (k € N) satisfy ¢ <t,<-- and
lim,_, t, = . f:Ry XR" > R"and g: R, X R™ X
R™ - R™™ are piecewise continuous vector-valued
functions with f(t,0) = a(t,0,0) =0, t € R,, and
ensuring the existence and uniqueness of (1). One
may refer to[9,10] for the results on the existence and
uniqueness of solutions of impetuous stochastic
system.

The solution x(t) = (x1 (®), ..., xn(t))T isa PB —
valued stochastic process.

w(t) = (W1 (), ..., Wm(t))T is an m-dimensional
Brownian motion defined (Q, %, {Z;}:>0, P).

Definition 2.1

The trivial solution of (1) is said to be globally mean
square asymptotically stable if for any given initial

condition ¢ € PB_2~0 [[—7, 0], R"] such that
lim E|x(t, to, $)|* = 0.

Definition 2.2

The trivial solution of (1) is said to be globally mean
square exponentially stable if there exist constants
A >0 and k > 1 such that for any solution x(t) with
the initial condition ¢ € PBf;O[[—T, 0], R"],

Elx(t)|? < kllgpll7e™*Et0), ¢ > ¢,
3. Main results

In this section, we will first projecting an
impetuous differential inequality with delays and then
investigate the mean square stability of (1) by
employing the obtained impetuous differential
inequality, and stochastic analysis technique. It is
shown that an unstable stochastic delays system can
be successfully stabilized by impetuous.

Theorem 3.1

Let ¢q =0, and X(t),Y(t) € PB[[ty,©),R] be a
solution of the following impetuous delay differential
inequality with the initial condition X(t),Y(t) €
PB,—t <s <t
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D*X(t) < h(t)[-PX(t) + q[X(®)].], t # tr, t = t,

X(tk) < (04% X(Ek), 0< g < 1,k €N,

X(to+s) =¢(s) € PB[[-7,0,R] —71<s<0
_|_

DY (t) < h(t)[-PY(t) + q[Y(D)];], t # t,t =t

Y(t,) < a,Y(t,), 0<a,.4<1l,nen,

Y(to+5s) = ¢(s) € PB[[-7,0,R] —-7<s<0
(2)

Where h(t) € . Assume that the following
condition is satisfied

(=p+75) (Ji #(sds) +
(54 522) (1 H) < i =i .
ken. 3)

Then there exist a constant M > 1,G = 1 and a small
enough number A > 0, u > 0 such that

X@®)+Y() <

t t
Iplipe™ "% 4 figllge™ ko D%, 2 ¢,
@

Where |||l = sup_;<s<ol®(s)|, and the constants
A > 0, u > 0 satisfies the following inequality

qelH

(22-p+2Z=) (J m)ds) +(2u—p +
Z::Ij) (fttnn—1 h(S)dS) < —Inak_l " Inan_l R

N,neN.  (5)

Proof
We shall show that

X@®)+Y(@) <

t t
”(p”Me—/lftOh(S)dS + ”¢”Ge_llft0h(s)ds te
[tk—lr tk)r keN&te [tn_l, tn)'n €
B (6)

By using the continuity, from (3) we know that there
must there must exist a positive constants A and u
such that for all (5) holds.
Let y = SupkeN{;} >1 andé =

) A—1
supneN{a—} > 1in (5), then we can select constant

n-1
1n > 0, p > 0 such that for all k € N,n € N.

—2p +yge* + 8get! < —Inay,_, — Ina,_, , k €
N,7n € . 7)

And

+ ) ([, n(s)ds)+ o+ ([, h(s)ds) <
—Inag_1 — Ina,_1 < Iny + Ind (8)

From (8) we can choose M > 1,G = 1 such that

(+) Je h(s)ds (o) fe h(s)ds

1<e + <M+G<

ye,m—(nu) fttolh(s)dse(n+l) fttol H)ds

§etH= (0 fo WS)ds (o +u) [ hs)ds ©)

It then follows that

1 p(s)ds

t1
gl < llplle™ oo "% 4 ||¢l|e"fro
_ 1
< liglime o "

— t1
+ lipliGe ™o "% (10)
We first prove that

XM +Y(@) <

plIMeTH i
[to, ). (1)

To do this, we only to prove that

t
s h(s)ds

+llgpllGe ™ L te

X)) +Y()
< llpliMe o

it

+ I gllGe ko Hds

h(s)ds

(12)

If (12) is not true, by (10), then there exists some
t € (ty, t;) such that

t

_ 1
XD+ YD > lIgliMe™ o O
+ ligllGe ™ )
t1 t1
> [lglle™ o "% 1 [lgle ko "
> llpll = ulto +5), s € [~,0]
(13)

Which implies that there exists some t* € (t,,t) such
that

X)) +Y(t") =
_a(f b
lplIMe Ay HS)ds | IpllGe MO

and X(t) +Y(@) < X{t") +Y(t"), te€[ty—r1,t7]
(14)
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And there exists t*™* € [ty, t*) such that

X)) +Y™) =|loll, and X({@t™)+Y(t™) <
X@®)+Y(@) <X({t)+Y(Y), t €[t™,t"].
(15)

Hence, we get for any s € [—T1, 0],

X({t+s)+Y(t+s)

_ah
< [lplIMe h(s)ds+||¢”Ge t
1
< lipllye™ -2 f ”(S)dse("ﬂ)f h(s)ds

T (|| 5t P+ feg 1), (o+i) [ h(s)ds
= yeleX(t**) + SetHy < ye’lHX(t) + 5€”HY(t),

h (s)ds

t € [t™, t*]. (16)
Thus, by (7) and (16), we have
D*X(t) < h(O[-pX(t) + q[X(D)];] < h(®O[-p +

yqe™1X () < h(t)(n — DX(),t € [t t*] +
D*Y(t) < h()[-pY (t) +q[Y (®)].]

< h@®)[—p + 8qe*]Y (1) < h(t)(p — WY (t),t €
[t t*] (17)

It follows from (10),(14) and (15) that

t*
X(t*) + Y(t*) < X(t**)e(n—l)ft**h(s)ds +
Y(t**)e(P_#) ftt** h(s)ds < ”¢”e7]fttolh(5)ds +

t1 st
Iplle? o "% < lgpfipe ™ o "

— t1
lpllGe™Jeo "% = x (%) + Y (")

(18)

Which is contradiction. Hence (12) holds and
then (6) is true for k = 1. Now we assume that (6)
holds for k = 1,2, ..., m(m € N,m = 1),

+

XM +Y() <

t
glime a0 g ge %, ¢ €
[tk-1, tie),
k=12,...,m
(19)

Next, To find equation (6) holds for k = m + 1,
M+Y() <

A [ n(s)d
lpliMe e 4 jpl1Ge™
[tm'tm+1)-

h(s) ds te

(20)
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For the reasons of contradiction, suppose (20) is not
true. Then we define

itn;{t € [tm, b IX (@) + Y (8) >
I plipte ™ ko0 4 gl Ge b 8y,
1)
By (8) and (19), we have
X(tm) +Y(t)

< apllplMe o M 4
Aftt;n“ h(s)ds

h(s)ds

+ amllpliGe™

<ae Afto h(s)ds

llpliMe -
F et OB g e O
< ||¢||M€_

+llpliGe™

/lfE h(s)ds

h(s)ds

(22)

And so t # t,,. By utilizing the continuity of
X(t) + Y(t) in the interval [t,,, t;41), We get

X@®+Y@) =

t t
lplIMe "% 4 jglGe "%, ana x(e) +
Y(6) < X(®) + Y@, t € [ty . (23)

From (22), we know that there exist some t* € (t,,, t)
such that

XtH)+Y(tH) =

A f:mﬂ h(s)ds h(s)ds

lpliMe +
h(s)ds”¢”Ge uftoh(s)ds,

am,e

and X(t)+Y(t) <X(@)+Y(t) <
X(@)+Y(), teE/tytl]

(24)

On the other hand, for any t € [t*, t],s €
[—7,0], either t+ s € [ty — T, t)ort + s € [t t].
Two cases will be discussed as follows. If t +s €
[to — T, t,), from (19) we obtain X(t+s)+

_ t+s
Y(t+5s) < ||p||Me /'lftoh(s)ds -1, h(s)ds+

||¢||Ge_”ffoh(s)d5 —uf{ Hsds <

h(s)ds ,11.1 +

Iplime
pllGe ™o O gu

tm+1 _q (t
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tm+1 _.rt
”(p”eﬂHeﬂftm h(s)dSGe ”fto h(s)ds (25)

if t + s € [t,, t], form (23), then

t
X(t+9)+Y(t+5) = [[pllMe O

t
lpliGe™ "% <

+

£ t
lplle?t e fem M ppg =Rl M

tm+1 _.rt
||(]5||€”Heuftm h(S)dSGe ”ftoh(s)ds (26)

In any case, from (24)-(26), we all have for any
s € [-1,0],

CIX(E+5) + Y(E+9)] <X (E) +Smy(e) <

ve X (t) + SerHy(t), t € [t ],
(27)

Finally, by (7) and (27), we all have
DF[X(t) + Y(O)] < h(D[(n — VX(®) +

pHre (28)
It follows from (8), (23) and (24) that
X(@®)+Y(©)

< X(t*)e(n—mf;h(s)ds
+ Y(t*)e(p—u) ftf* h(s)ds

< o1t A Jymet h(s)dseaftf;m h(S)dS“¢”Me_lffo n(s)ds
+ e_(p“‘)ftt:nnﬂ”(S)dseuff:n”"lh(s)dslld)llG
< lglMe ™ O 4 gl b

=X +Y( 29)

Which is a contradiction. This implies that the
assumption is not true, and hence (6) holds for
k = m + 1. Therefore, by some simple mathematical
induction, we can obtain that (6) holds for any k € N.
This completes the proof of theorem.
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