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ABSTRACT

In this present paper, a study on nabla difference
equation and its third order linear fractional difference
equation. A new generalized nabla difference
equation 1is investigated from Three-term linear
fractional nabla difference equation. A relevant
example is proved and justify the proposed notions.
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1. Introduction

In this present paper, we shall use the transform
method to obtain solutions of a linear fractional nabla
difference equation of the form

(1) Vix(t) + CVx(t) + Cox(t) = g(1),
t=12,3..,

Where 1<v <2. The fractional difference operator,
V, is of R-L type and the operator V| is a Riemann-
Liouville fractional difference operator, is defined by,

If 4> 0, define the " -term of fractional sum by

@ V() =t2%x<s)

Where p(s)=s-1.

The aim for this paper is to develop and preserve the
theory of linear fractional nabla difference equations
as a corresponds of the theory of linear difference
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equations. We shall consider the three term equations,
(1) is limited. An equation of the form

3) Viix(t) + CVEx(t) + Cyx(r) = g(1),
t=12,3..,

is called a sequential fractional difference equation.

In general equation is,

(4) Vi x(@) + GV x(1) + Cox(1) = g(0),
t =152,34,
Assume that O<uv <1<v,<2 as the only

connection between v,and v,. The operator of nabla

is usually represents the backward difference operator
and in this paper

(5)  Vx(t)=x(t)—x(t-1),
Vix(t) =VV-'x(t), k=1,2,3..

The raising factorial power function is defined below,

. Ti+a)
6) "= —F(a) .

Then if 0<m—-1<v<m, define by the Riemann-
Liouville fractional difference equation is

(7) Vix()=V"VI"x(t)

Where V" denotes the standard m” order nabla
(backward) difference.
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In section 2, we shall use the transform method to (1)
and we find out the solutions. And the same time we
shall expressed as a sufficient condition as a function

of C,and C, for convergent of the solutions.

In section 3, we apply the algorithm in the case of a

solution is 2 and verified independently that the
series represents the known function.

For further studying in this previous area, we refer the
reader to the article on two-term linear fractional
nabla difference equation [7].

2. Three-term Linear fractional nabla difference
equation

In this section, we describe an algorithm to form a
solution of an initial value problem for a three-term
linear fractional nabla difference equation of the form,

(8)  VUx(t)+CVx(t) + C,x(t) =0,
x)=¢,  for t=1273..

x(0) = Co>»

Where 1<v<2.

Apply the operator N, to the equation (8) we get,
N,(Vyx(£)+ C,Vx(t) + C,x(1)) =0

(9) N, (Vyx(1)) + C N, (Vx(1) + C,N,x(1) = 0
First, consider a term N, (V,x(¢)) from (8) and use
the result [7] we get,

“If 1<v<2,
Ny (Vo f O)(s) = s" N, (f())(s)
—s(1=5)" f(a)=(1=5)"V" f(a+1)
=5"N,(f(O)(s)=s1=5)"" f(a)
—(1=5)"(fa+D)=(v=-Df(a)).”

Which implies that,
N, (Vox(1) = 5N, (x(t) = s(1-5)"" x(0)

~(1=5)"(x(1)) = (v =1)x(0))
(10) N, (Vox(1)) = 5" Ny (x(1))

—s(1-s)" ¢, — (¢, —(-1c,)

Next, consider the term N, (Vx(¢)) on (9) and also, we
know that the result [7],

“fO<v<l, N, (Vif®)))=5"N,(/©)(s)
~(1-5)"" f(a).”
Which implies
N, (Vx(t)) = N, (Vx(2)) + Vx(1) — Vx(1)
= N,(Vx(¢)) — Vx(1)
= SN, (x(1) - (1=5) "¢, = (¢, =€)

d-s)

= SN, (x(1)) - o (1—s)

Cy—¢ +

(1-5)

Cy—¢ + Cy — o Cy
(I-s) (1-s) (1-s)
S

(=)

Similarly, we consider the last term,

= 8N, (x(2)) =

(11) N, (Vx(1)) = sN, (x(t)) -

Co =G

+ cy — ! IoN
(I-s) (I-s)
=N,(x(t))+c, +(1~- s)" ¢ —¢+(1- s)" IoN

N, (x(@)) = N, (x(0)) + ¢, = ¢

In particular
(12) N, (x(t)) = No(x()) —¢, = (1=5) "¢,

Substitute (10), (11) and (12) in (9) we get
N,(Vox(2))+C N, (Vx(1)) + C,N,x() = 0

SN, (e(0) = 51— 5)" ¢ — (€, — (0 =T)ey)
S
+C (SNO (x(2)) - (1—s) Co— G j

+C, (N, (x(1) —¢, =(1=5) "¢, ) =0

" 3 1
(7 +Cis+ C,)N, (x(2) (1—s)

—(1+C, +C,)c, —(1-v)c, =0

(s+Cs+C,)c,
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(s+Cis+C,)c,
13) N,(x(¢)) = o ym r (1-0)m)—n—v
(13) N, (x(1)) (=" +Cs+C.) (14) FiCiC m;;( 1) C"™C's
+ (I1+C +C) +(1-v)c, o (Do)
v Since s = N

(5" +Cs+C) N T -Dm+n+v)

NOW take . 1 _ 1 _ N t(u—l)m+n+(u—l) .
(" +Cs+G) o, Gs G | T((0-Dm+n+v)
st s’
1 By using the result [7],
= Af (0 v
o (1 +Csh g J AN, f(t) = —LS) AN, f(1)”.
s
Now, the above equation is re-express N, as N, and

1 ~ 1 o we have,

(s +Cs+C,) C o
SU(1+C15170) 1+u72—u Fo — NI 1 m Cm nCn
S (1+C151 ) s +CS+C2 ,;,Z( )
general, Do)
Nl
F(v-1)m+n+v)
n+l

1 “o(nsd
- = ( l)n U(n+ )Cl i c “ m m—n n m
s'+Cs+C, ; +Clsl“ (15) =N, > (-)"Cc )

m=0 n=0
Note that, o Dme(o-D)
I'(v-1m+n+0o)

) Cad i It follows from the result [7]
T Sl

m=n “Nf+D)=1=-5)"N,. [

We get Which implies that, equation (15) we get,

_MLESRW 553 .y
s +Cs+C, _Nm()”o( DAL [ j
= E E (_1) ( J cr (I*U)m*nC;l sfu(n+l)

s"+Cs+C, T - DymentoD)
(16) ( (t+1) ]
F(v-1)m+n+v)

Moreover, from (14)
— ZZ(_I) ( j —n C;l Sm—mu—n+m)—nu—v
m=0 n=0 _ ZZ( l)m ( ]Cm—n(/m (l—u)m—n—u hd
s"+Cs+C, = s
P — _1 -n Cn S(l—u)m—n—u+1 )
sC+ Gs +C, ;;( ) ( ] :
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Similarly, we get

ZZ (t +1)(Ufl)m+n+(wl)
- m ym-n x(z‘) C C ( 1) Cm—n [ J
© 13, ‘ZZ( VG C( jNO o4 M(o-Dm+n+v)
( t(u Dm+n+(v-2) J

F _ 1 _ 1 o m - m (t +1)(v—l)m+n+(u—2)

(V=Dm+n+(@-1)) +(1+C‘)C°m§§( y'cc (n}r((u—l)m+n+(u—1))
and so o {0 Dmn (oD

1 +K 1 mcm—n }’l

S(I_S)7 :N ii(_l)mcm—ncn m mZO;Z):( ) ( JF((U l)m+n+U)

s +Cis+C, 0,,,20 ~ ! 2
(19)
(17) (+Dv Where K = ((1+C, +C,)e, +(1-v)c, ).
IF'(o-1m+n+(@-1))

To simplify this representation, note that
We consider an equation (13) we get

N x(t) _ (S + CIS + Cz )Co (t + 1)(u—l)m+n+(u—l) B t(u—l)m+n+(u—l)
0 (1-s)(s" +Cs+C,) C((v-Dm+n+v) T(v-Dm+n+v)
(v-)ym+n+(v-2)
(1+C +C,)e, +(1—v)c (t+1)
+ N : F'(o-Dm+n+v-1)
(s"+Cs+C))
Since
(18) N,x(t) = UC2c° (¢ + )orDmemrsh _T+1+@-Dm+n+(@-1)
(1=5)(s" +Cs+C,) T((-Dm+n+v)  CE+DI(0-Dm+n+0v)
S0+ C)e :tl"(t+(u—1)m+n+(u—l))

170

+(1—s)(s“+Cs+C) L+ DI((v—Dm+n+v)

Ir't+(w-1m+n+(-1))
rc+Hr((v-)ym+n+o)
Thus, (19) can be expressed as

Substitute (15), (16) and (17) directly into (18) we get ) [ ]

+(1+C1+C2)cl+(l—u)co +(v-Dm+n+(-1))
(s"+Cs+C))

( t+ 1)(ml)m+n+(m2)

W=kl

m\ (t+l)m A0 =0, n F((U—l)m+n+(u—1))
Nyx(t)=Cy,N, “n"arg ( (U-Dmns(v-)
;ZOZ D) +KZZZ( v CZ( }F((zt) Dm+n+v)
(20)
+1+C),N, ZZ( y"am'G [m\ K Where
0 prarioan }r((l) l)m+n+(l) 1)) (21) Kl ZCO(I-I—Cl +C2),
K,=K+¢,C,=(1+C,+C,))c, +(1-v+C,)c,Note
Idv ZZ( 1) Clm_ ( j t(z)—l)m+n+(z)—l) that
+ — n —1)m+n+(v—
= I(v-Dm+n+v) ZZ( yae m)  (+D)mme 22)
m=0 n=0 F((U l)m +n+ (U 1))
and
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t(u—l)m+n+(u—1)

mz_(;;( 1)’”C’""C”[ jF((U Dm+n+v)

(23)

are two linear independent solutions of (8). We give
the details to obtain conditions for absolute
convergence in (23) for fixed ¢.

t(u Dm+n+(v-1)

First note that for each r >1, is
I'(v-1)m+n+v)

an increasing function in 7. Now consider the ratio
t(u—l)m+n+l+(u—l)

t(u—l)m+n+(u—l)

I'(v-1)m+n+v)

I'(o-1)m+n+1+v)
Then

re+(w-Hm+n+1+@-1))
rOr(v-Ym+n+1+v)
roOr(vo=Ym+n+vo)
Irt+w-Ym+n+(@-1))

_t+(-Dm+n+(@-1)
(-1m+n+v
and the inequality is strict if # > 1.

>1

Thus, compare (23) to

n=0 n

t (om+H(v-1)) \
g+

t(uer(u—l))

m=0 1_‘(U’/n + U)

=0

and apply the ratio test. Thus, each of (22) and (23)
are absolutely convergent if |C1 + C2| A |

=1 (vm+v)

Description of known functions:

We represent this method with an initial value
problem for a classical second order finite difference
equation. The unique solution of the initial value

x(t)=2', thus we obtain a series

representation of 2’ as a linear combination of the
forms (22) and (23).

problem 1is

Consider the initial value problem

24)  10V2x(f) - Vx(t) - 2x(t) = 0,
x(0)=1,x(1)=2.

t=23,..,

Then, apply (13) with

-1 -1
C=—, C, =—,
10 > 5
v=2,

To obtain

Nox(t) = (s +(=1/10)s + (=1/5))1
(1-5)(s> +(=1/10)s + (-1/5))

1+ (=1/10) + (=1/5)2 + (1-2)1

(s> +(=1/10)s + (=1/5))

From (21), K, —1(1—i_lj=l
10 5

£ 3(ogeg (225 ()-8
105 5 10 5

1
S
and

oSS (A (e

—Z

ST

The unique solution of (24) is 2’ and the series given
in (25) absolutely convergent for all ¢+ =0,1,2,.. Write

(25)

(25)as  x(t) = % C@t)+ %D(t) .

- S5 (4] (e

=0 10 n (m+n+1)

D() = ZZ( M )(I:jr(n(g—mz)%

prove x(t+1)=2x(t), or
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7 1
1—C(t+l)+ D(t +1)= 2(10 C(1) +gD(t)j

It is sufficient to show that

D(t+1)=C()+D(t) and

7 6 1
SC+) = (;C(t) + gD(t)j .

Now consider D(t +1),

n 1 m-n m (t+1)m+n+l
Du+h= ;H 5) (IOJ (n]l"(m+n+2)

S (o) (e

S () (e

C(t+m+n+1)
C(t+1)T(m+n+2)

S O

o (1Y ()
+m20;(§) (Ej [’Zj(m+n+l)

C(t+m+n+1)
C(t+1)T(m+n+2)
D(t+1)=D()+C(¢).

We have yet to obtain a direct approach to take
C(t+1). We begin by showing directly that D(¢)
satisfies

10V x(t) — Vx(t) - 2x(t) = 0, t=2,3,.
Apply the power rule and

) e
= Z%U[ j (njr(m+n+2)

o (N (LY (m)
VD(t)_m;; g} (F)J (njf(ernJrl)
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Vo= ZZU( J [:Jr(mm)

Thus,

, o mtl n 1 m+l-n m+1 tmiw
Vo= ,,,Z:;‘,po 5) (10) [ n jr(m+n+l)
L&Y (1Y T (m m
SXOCIN(WEAS)

tm+n 1 m+1 t2m+l

Tmtn+l) (Ej C2m+ 2))

=103\5) \10 n )JI(m+n+1)

o mtl 1 n 1 m-n m tmiﬂz
+ — S | —_—
m;; 5) (IOJ (n—l [(m+n+1)

n 1 m-n m l’m

Z_VD(’) ,,; (10) (njf(m+n+2)

V’D(t) = %VD(t) o %D(t)

A similar calculation shows that C(¢) satisfies
10V2x(t) = Vx(t) = 2x(¢t) = 0, t=2,3,.

We close by arguing that
7 6 1
—C@t+)=|=C(t)+—=D() |.
10( )(5()5()j

Simplify
10V2C(t+1)-VC(t+1)-2C(t+1)=0

10(C(t+1)=2C () + C(t - 1))

—(Ct+1)-C(@)—-2Ct+1)=0
To obtain %C(r +1)= %C(t) -C(t-1)
6 7
= §C(’)+(ECU)_CO_DJ

Now it is sufficient to show that

7 1
(E C(t)-C(t - 1)} =< D).
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