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ABSTRACT

Introduction of redundancy is one of the well-known
methods by which the reliability of a system can be
improved. A standby redundant system is one in
which one operating unit is followed by spare units
called standbys. On failure of operating unit, a
standby unit is in working mode. In the present paper
we investigate the probabilistic analysis of a two-main
unit and four subunit system. The system remain
operative if one main unit and two subunit are in
working mode. System is failed when the main unit
fails. A failed system is replaced by new one. The
failed sub-unit are repairable.

Keywords: Reliability, Availability, Mean time to
system failure, busy period analysis, Markov renewal
process

Introduction

Two/three unit standby systems with two stages, that
is, working or failed, have been widely discussed by a
large number of researchers including (Mokaddis et.
Al. 1997, Taneja, 2005, Goel et. Al 2010).
Introduction of redundancy is one of the well-known
methods by which the reliability of a system can be
improved. A standby redundant system is one in

Notation and States of the System

o = Constant failure rate of main unit
B = Constant failure rate of sub-unit.
0 = repair rate of sub-unit.

which one operating unit is followed by spare units
called standbys. On failure of operating unit, a
standby unit is in working mode. Ritu Mittal (2006)
Analyzed stochastic analysis of a compound
redundant system consisting three subsystems.

System Description and Assumption

Initially, the system starts operation with two main
units and four subunits. If one main unit and two
subunits work then system is in operative mode.
After failure of both the main units, it is replaced by
new — one. Failure time distributions of main unit and
sub-units are arbitrary functions of time. A single
repair facility is available to repair the sub-unit. The
repair rate of the sub-unit is constant. The repair of
sub-unit is as good as new. Using regenerative point
technique with the Markov-renewal process, the
following reliability characteristics have been
obtained:

(1) Reliability of the system.
(i1) Steady state availability of the system.
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f() = replacement time pdf of main unit.

So (M2S4) = 2 main units and 4 sub-units are in normal mode.
S1(M1S4) = 1 main unit and 4 sub-units are in working mode.
So(M2S3) = 2 main units and 3 sub-units are in working mode.
S3(M2So) = 2 main units and 4 sub-units are in working mode.
S4(M1S3) = 1 main unit and 3 sub-units are in working mode.
Ss5(M1S2) = 1 main unit and 2 sub-units are in working mode.
Se(M2S1) = System is in failed mode.

S7(M1Sy) = System is in failed mode.

Ss(M1S4) = System is in failed mode.
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Figure 1: 1 out of 2 main units and 2 out of 4 subunits system

Analysis of Reliability and Mean Time to system Failure

Assuming that the failed states S; and Sg to be the absorbing states and employing the arguments used in the
theory of regenerative process, the following relation among Rj(t) be obtained :

Ro(t) = Zo(t) + qo1(t) © Ri(t)+ qoz(t) © Raf(t)

Ri(t) = Z1(t) + qi4(t) © Ra(t)
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Rao(t) = Za(t) + goo(t) © Ro(t) + q24(t) © Ra(t) + qa3(t) © Rs(t)

Ra(t) = Zs(t) + gss(t) © As(t) + qa2(t) © Ao(t)

Ra(t) = Za(t) + ga1(t) © Ax(t)

Rs(t) = Zs(t) + gsa(t) © A4(t) (1-5)
where,

Z,t)=e P Z ()=

Z ()= Z (t)=e D,

Z,(t)=e"P  Z (t)=e"P,

For an illustration, the equation for Ry(t) is the sum of the following mutually exclusive contingencies :

(1) System sojourns in state Soup to time t. The probability of this contingency is
e P = z,(t), (Say).

(i1) System transits from state Sy to S; during time (u, u+du); u < t and then starting from S, it survives for
the remaining time duration (t —u). The probability of this event is

quI(u)dURl(t —u) = q,, (t) ©Ralt).

(ii1)  System transits from state Sy to S, during time (u, u+du); u <t and then starting from state S,, it survives
for the remaining time duration (t —u). The probability of this event is

jqoz (UW)duR,(t — 1) = q,,(t) © Ra(t).

Taking Laplace Transform of relations (1-5) and writing the solution of resulting set of algebraic equations in
the matrix form as follows

R|][1 - < 0 0 o]z
R||o 1 0o 0 —q O0]|zZ
R% _ 0 O 1* Qo oy O* Z% - 6)
R, 0O 0 =g, 1 0 -g45||%
R| |0 g 0 0 1 -qg (Z
R| |0 O 0 0 —q 1 ]|Z

The argument‘s’ has been omitted from R;(S), q;.(s) and Z,(S)for brevity. Computing the above matrix

equation for R (S), we get
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. N,(s)
R;(s) = — 7
o(s) D, (s) (7)
Where
Zy o1 9 O O O
Z 1 0 0 —q, O
Z, 0 0 —gu O O
Nl(s): . .
Z; O 0] 1 0 —q3
Z, <94, O O 1 0
Zz 0 0 0 -—qg, 1
1 —q*o1 —qu 0 0 0
O 1 0 0 -g, O
0 O 0 -q,5 O 0
Dl(s): « "
0 0 —Q32 1 0 —Qss
0 —q;; O 0 1 0
0O 0 0 0 -qs 1

Taking the inverse Laplace transforms of the expression (7), we can get the reliability of the system when
system initially starts from state S.

To get the MTSF, we have a well-known formula
E(T,) = [Ro(t)dt = im Ry (S

(To) = [Roft)t = limR5(S)

So that, using q’;j(O) = p;; and Z;(0) = ; we get

E(TO) _Ho + Poi1l + Poollo + Po1Pa3ts + PooPialis . @)
1 -DPo1P14P24 — Po2P35P32P54

Availability Analysis

A (t) as the probability that the system is operative at epoch t due to both the units respectively. When initially

system starts from state Sie E. Using the similar probabilistic arguments, point wise availability are satisfied
the recursive relations as follows:

Ao(t) =Zo(t) + oy (t) 0 Ay (£) +qpa(t) 0 A(t)

A1 (t)= Z1 (t)+ Qis (t)©A4 (t)+ Qs (t)©A8 (t)

@ IJTSRD | Available Online @ www.ijtsrd.com | Volume —2 | Issue —2 |Jan-Feb 2018 Page: 558



International Journal of Trend in Scientific Research and Development (IJTSRD) ISSN: 2456-6470

Aq(t) = a4 (D)CA()
A, (t) =q5(t)OA(t)
Ag(t) =gy (E)CAG(1)- (1-9)

Taking Laplace transform (L.T.) of the set of relations (1-9), the solution for A:(S) can be written in the
matrix form as follows-

Taking Laplace transform of relation (1-9), and solving for , A:; (s), we get

Ny(s)

AS(S) ) D,(s)

Where Nj(s) = [ql}l (qgscﬁ4 + quq:fl) + Qo2 (q;3QI4 + Q30941 )} Z,

*

+q:30 (CIZ5C1;2 + q;4q81) Z;. (11)
and

Dy(8) = (1~ A2a054 ) (1~ A016t10) = Aon (s + Q1455 )55
oo (q;4q;6 +gadrs ) Q32 = dosdas (q;q;s + q;r) ds0

~qo2 (G54 + 6375 ) = o4 (a7s + a5s | das: (12

The steady state availability of the system due to both the units is given by
Ay =lim A (t) = lim Ay(s)
t—o S—00

= limSNl—(S).
s—0 Dl(S)

Now,

D,(0)= (1 - P23P24)(1 - p10p01) —Po1 (p23 + p14p53)p35
~Po2 (P24P36 + P6aP75) Pa2 — PosPas (P14P75 + Pia)
~Po2 (P24 + PesP7s ) — Pas (P75 + Pss ) Paz
= P20 (1 - P01P10) —Po01P23 = P01P14P53 ~ P02P24P36P32
~Po3P75P32 ~PosP36P14P15 ~PosPaePi4 —PozPos
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~Po2Po3P75 —P24P75P45 —P24PsgPas
=0.
Hence, by L. Hospital’s rule
AO — 11m Nll(s) — Nl(o)
s->0D,(s) D;(0)

where,
N,(0) = [p01 (P23P24 + P32P41) + Po2 (P23Pas + P32p41)] K
+ (P4sPs2 + PsaPor) M

D(s)

In order to obtain D1 (O) we collect the coefficient of mj; in s=0 as follows -

Coefficient of 1101 = P23P24 T PaoPay
Coefficient of 1102 = P23P24 + P32Pa;
Coefficient of 1123 = Po1P24 T PooP24
= P24 (Po1 + Poz) =Pog
Coefficient of 1124 = Po1P23 T PooPoa3
= P23 (Po1 b Poz) =Pa3
Coefficient of 1182 = Po1P41 T PoaPa1 +Ps4
= (Po1 + Po2) Pa1 + Ps4
=P TP
Coefficient of TT%1 = Po2P32 + Po1Ps2
= (Po1 + Po2) P32
=Pag
Coefficient of 1145 — P32
Coefficient of 54 = Por-

Busy Period Analysis
Let B;(t) be the probabilities that the repairman is busy in the repair of sub-unit at time t when system initially

starts from regenerative state S; using some the probabilistic arguments in respect to the definition of B;(t) , We
have the following recursive relation —

By (t) = Q1 (()OB, (t) + oy ()OB, (£)

B} (t) = 4,4 (t)OB, (t) + q,5(t)©B4(t)

B, (t) = W+ (LB, (t) + Guu (LB, (t) + g5 ()EB; 1)
B3 (t) =35 (t)©Bs (t) +Q5 (t)©B6 (t) +0s (t)©B2 (t)

B, (t) =W, +q,,(t)CB, (t) + Qs (t)OB, (t) + g5 (t)OB; t)
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B;(t) = WS + 055 (t)CB; (t) + s, (t)OB, () + 05, (HCB, ()

By (t) = W5 + g5 (£)CB; (t)

B7(t) = VV7 T (t)©Bs (t)

B () = o (t)OB (0 o

where
W2 _ e—(a+]3+9)t_ W4 _ e—(cx+[3+6)t;

>

\A[5 _ e—(ot+[3+9). W6 _ th; W7 — e—et.

>

For an illustration, BQ(t) is the sum of the following mutually exclusive contingencies —
(1) The repairman remains busy in state S, continuously up to time t in the repair of sub-unit. The
probability of this event is -

e—(oc+[3+6)t _ W2 (t)
(i1) System transists from state S, to Sy during time (u, u+du); u <t and then repairman remains busy in the
repair of epoch t starting from state Sy at epoch u. The probability of this contingency is —

j.qzo(u)duBlz;(t —U) = g, (t)OB,(t)

(iii))  System transits from state S, to Sy during the time
(u, utdu); u <t and then starting from state S at epoch u, the repairman may be observed to be busy in the
repair at epoch t. The probability of this contingency is

[ 224 (W)duB, (t - ) = q,4(t)OB, (t)

(iv) Systemtransits from state S, to S; during the time
(u, utdu); u <t and then starting from state S; at epoch u, the repairman may be observed to be busy in the
repair at epoch t. The probability of this contingency is

jQQs(u)dUBé(t -u)= qzs(t)©B$(t)

Taking Laplace transform of relations (1-9) and solving the resulting set of the algebraic equation for B, (S),
we get
. N
By(s) = o(8) .
D,(s) (10)

N,(s) = (1 - q;4q21qi4q;7)q;5W§ + (qgl + Q059550 58 )(q;W; + qisq*es)

+(on *+ 14935 ) (25 Ws + A2,95s W5 + Qgod7s )-
In the long run, the expected fraction of the time for which the repairman is busy in the repair of the system, is
given by

B, = lim B, (t) = lim sB,(s)
_ N;(0)
D,(0)

where

N;(0) = (1 ~ P24P41P14Ps7 ) Pssks + (p01 *+ PooP2asPss ) (p14“4 + p18)
+(po2 * Pials ) (p25u5 *+ P2sPrsHs T Pys ) .
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Conclusion

This paper describes an improvement over the Gupta,
R, Goel, C .K. and Tomar, (2010) Analysis of a two
unit standby system with correlated failure and repair
and random appearance and disappearance of
repairman. Using regenerative point technique
reliability analysis, availability analysis, busy period
analysis which shows that the proposed model is
better than Gupta, R, Goel, C K. and Tomar,
(2010)because ~ we investigate the probabilistic
analysis of a two-main unit and four subunit system.
On failure of operating unit, a standby unit is in
working mode. The system remains operative if one
main unit and two subunit are in working mode.
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